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Abstract
In this thesis, we investigate all warped AdS4 and AdS3 backgrounds with the most
general allowed fluxes that preserve more than 16 supersymmetries in 10- and 11-
dimensional supergravities. Assuming either that the internal manifold is compact
without boundary or that the isometry algebra of the background decomposes into
that of AdS and that of the transverse space, we find that there are no AdS4 back-
grounds in IIB supergravity. Similarly, we find a unique such background with
24 supersymmetries in IIA supergravity, locally isometric to AdS4 × CP3. In 11-
dimensional supergravity all more than half BPS AdS backgrounds are shown to
be locally isometric to the maximally supersymmetric AdS4 × S7 solution. Further-
more, we prove a non-existence theorem for AdS3 solutions preserving more than
16 supersymmetries. Finally, we demonstrate that warped Minkowski space back-
grounds of the form Rn−1,1×wMD−n (n ≥ 3, D = 10, 11) in 11-dimensional and type
II supergravities preserving strictly more than 16 supersymmetries and with fields,
which may not be smooth everywhere, are locally isometric to the Minkowski vacuum
RD−1,1. In particular, all such flux compactification vacua of these theories have the
same local geometry as the maximally supersymmetric vacuum Rn−1,1 × T d−n.
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Introduction
The two major breakthroughs that unequivocally shaped most of theoretical physics
in the past century were general relativity and quantum field theory. Quantum field
theory is the essential framework for describing our Universe at the very smallest
of scales in the form of the Standard Model. The Standard Model, in particular,
has celebrated unparalleled success in withstanding ever more precise experimental
tests time after time. General relativity, on the other hand, is critical to our current
understanding of the large-scale behaviour of the Universe. It accurately predicts
corrections to Newtonian gravity, accounting for the perihelion precession of Mercury
and the deflection of light by the Sun, as well as the existence of black holes and
gravitational waves, of which the latter have eluded measurement a little over a
hundred years after being first conjectured.
Unification and striving to describe Nature by ever fewer fundamental principles
has historically been a driving force in the development of physics. Some of the
most prominent examples include Maxwell’s theory of electromagnetism, Einstein’s
concept of spacetime, and the electroweak theory by Glashow, Salam and Weinberg.
Therefore, it is of little surprise that ever since their discovery, physicists have sought
to reconcile gravity with the remaining three fundamental forces captured by the
Standard Model. However, what is the need for such a quantum theory of gravity
beyond aesthetic aspiration? Consider a black hole for instance, this has a spacetime
singularity at its centre where the curvature “blows up”, it diverges. Now, this poses
a problem, since a black hole can be formed from a perfectly smooth initial matter
distribution, i.e. there are dynamical processes within general relativity that take
11
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us out of the regime of validity of the classical theory. As long as we do not fall
into the black hole and get to feel these infinite tidal forces ourselves, we need not
worry about this too much from a computational and practical perspective, since
the singularity is hidden behind a horizon. Unfortunately, this becomes much more
serious when both gravitational and quantum mechanical effects are important, such
as in the early Universe. In four dimensions the coupling constant of gravity, i.e.
Newton’s constant, has mass dimension minus two, and therefore by a simple power
counting argument, Einstein gravity is non-renomarlisable!
To date, one of the most promising candidates to resolve this conundrum and
to provide a consistent quantum theory of gravity is string theory. String theory
was originally developed in the late 1960s to describe the strong interaction, but
was soon succeeded by quantum chromodynamics in this purpose. However, not
long after its inception it became apparent that string theory contains a massless
spin two state, the gauge boson of gravity or the graviton. In fact, as we will see,
the two basic topologies of a string - open and closed - correspond to gauge and
gravitational degrees of freedom. Since open strings can close up, gravity and gauge
theory are inextricably connected in string theory, thereby potentially providing a
unified theory of all known fundamental forces.
The discovery of the AdS/CFT correspondence in the late 1990s [1–3], which
states that certain string theories on (d + 1)-dimensional Anti-de Sitter (AdSd+1)
backgrounds are dual to d-dimensional conformal field theories (CFT), marks string
theory finding a way back to its historical roots in the following sense. With this be-
ing a strong-weak coupling duality, string theory offers a framework for understand-
ing strongly coupled quantum field theories which would otherwise be inaccessible
to conventional perturbative methods. Initially, AdS backgrounds were studied in
the context of supergravity compactifications or Freund-Rubin solutions [4,5] in the
1980s. Over the past twenty years, with the inception of the AdS/CFT correspon-
dence, the problem of classifying AdS backgrounds has sparked renewed interest,
cf. [6] for a recent review and references therein. Indeed, this together with the fact
that the best understood examples of the correspondence are highly supersymmetric,
e.g. [1, 7], constitutes the main motivation for the work described in this thesis.
This thesis is arranged as follows: In chapter 1, we aim to give a lightning review
of strings, supergravity and AdS/CFT to put our main results into context. Fur-
thermore, we introduce some of the key developments that enabled the analysis in
12
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this thesis, e.g. the integration of the Killing spinor equations along AdS, the homo-
geneity theorem, as well as the classification of Killing superalgebras. In chapter 2,
we present our findings on the classification of more than half maximally supersym-
metric warped AdS4 backgrounds in 11-dimensional, (massive) type IIA and type
IIB supergravity which were published in [8]. In chapter 3, we present our proof of
a non-existence theorem for more than half BPS warped AdS3 backgrounds in 10-
and 11-dimensional supergravities, based on work published in [9]. In chapter 4, we
demonstrate that all more than half maximally supersymmetric warped Minkowski
backgrounds in 10 and 11 dimensions are necessarily locally isometric to the max-
imally supersymmetric flat vacuum. This work was published in [10]. Finally, in
chapter 5, we provide a conclusion to this thesis.
13
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AdS/CFT and Supergravity Backgrounds
In this chapter, we would like to put the main results of this work in chapters 2, 3 and
4 into a wider context, and along the way introduce some of the tools and techniques
which facilitated our analysis. We proceed by giving a short introduction to string
theory, and consequently supergravity as its low energy limit, thereby turning the
historical development of the subject on its head. By virtue of space(time) limitations
our outline has to be selective, omitting many details and important contributions,
however we aim to give historical references for some of the milestones in the field. A
comprehensive and much more complete review of the fundamentals of strings, branes
and supergravity may be found in [11–17], which heavily influenced the following
section.
1.1 From Superstrings to Supergravity
One of the two most successful developments of 20th century physics, quantum field
theory (QFT), is fundamentally preoccupied with studying excitations of fields that
may be interpreted as point-like particles. String theory, as its very name suggests,
takes this one step further and declares one-dimensional extended objects called
strings to be the fundamental entities of matter. Incidentally, and somewhat en-
ticingly, this approach also yields a consistent theory of quantum gravity, thereby
marrying QFT with the second great achievement of 20th century physics, General
Relativity (GR).
However, from a historical point of view this was an accident. String theory
14
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was originally conceived in the late 1960s by Veneziano, who constructed an am-
plitude satisfying the then suspected “duality” symmetry under the exchange of s-
and t-channel diagrams in hadronic scattering processes [18]. Unfortunately, this
turned out not to be a particularly fruitful approach for the study of the strong
interaction, and with the discovery of quantum chromodynamics soon became ob-
solete1. Nonetheless, Veneziano’s amplitude was not forgotten, and would be rein-
terpreted as the scattering of relativistic bosonic strings by Nambu [19], Nielsen [20]
and Susskind [21]. Subsequently, excitement grew as people realised the spectrum of
the theory contained a massless spin 2 state corresponding to the graviton, the gauge
boson of gravity [22,23]. Nevertheless, some obvious problems remained, namely the
theory did not include fermioninc matter, and the vacuum featured a tachyonic state,
signalling instability. Enter supersymmetry, a symmetry relating bosonic degrees of
freedom to fermionic ones, which solves both of these problems at once. This is
where we shall begin.
1.1.1 String Theory
A string sweeps out a (1+1)-dimensional worldsheet Σ in spacetime, which we assume
to be D-dimensional Minkowski space with metric ηMN for now, generalisation to
curved backgrounds is achieved straightforwardly via minimal coupling to gMN . The
embedding of the string into the target space is given by the functions XM(τ, σ),
where τ corresponds to proper time and σ is the spatial coordinate of the string, and
is usually fixed to take values in [0, 2pi] for closed and [0, pi] for open strings. Just
like the action of a point particle is given by the length of its worldline, one takes
the action of the string to be proportional to its worldsheet, thus manifestly ensuring
diffeomorphism invariance
SNG = − 1
2piα′
∫
Σ
d2ξ
√
− det (∂αXM∂βXNηMN) , (1.1.1)
with (ξ0, ξ1) = (τ, σ) and the constant α′ refers to the inherent length scale of the
problem, the string length l2s = α
′. This is the so-called Nambu-Goto action [24–26].
However, the square root makes it rather hard to quantise, so one usually considers
1Arguably, with the conception of the AdS/CFT correspondence, string theory has come full
circle by being used as a tool to understand strongly coupled gauge theories.
15
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an alternative form, the Polyakov action2 [27–29], where one introduces a worldsheet
metric hαβ as an auxiliary field
SP = − 1
4piα′
∫
Σ
d2ξ
√−hhαβ∂αXM∂βXNηMN . (1.1.2)
The Polyakov action can be viewed as a collection of D worldsheet scalars coupled
to two dimensional gravity. Since gravity in two dimensions is trivial, and by our
construction hαβ is a Lagrange multiplier, it is not surprising that the associated
energy momentum tensor, i.e. the equations of motion for hαβ, vanish identically.
This gives rise to the so called Virasoro constraints. In fact, one may integrate
out hαβ this way to recover the Nambu-Goto action at the classical level. Turning
to the symmetries of the Polyakov action, we observe that it is invariant under D
dimensional Poincare´ transformations, diffeomorphisms of the worldsheet, and Weyl
transformations hαβ → e2ω(ξ)hαβ, i.e. local rescalings. In that sense, the bosonic
string may be viewed as a gauge theory of the two dimensional conformal group. We
may use diffeomorphism invariance to fix the gauge to the so-called conformal gauge
hαβ = e
2ω(ξ) ηαβ . (1.1.3)
With the gauge fixed in this manner and introducing a collection of D worldsheet
Majorana-Weyl spinors ΨM = (ψM− , ψ
M
+ )
T , the supersymmetrised Polyakov action
[28,30,31] reads
S = − 1
4piα′
∫
d2ξ ηαβ
(
∂αX
M∂βX
N + Ψ¯Mρα∂βΨ
N
)
ηMN
=
1
2piα′
∫
d2ξ
(
2∂+X
M∂−XM + iψM+ ∂−ψ+,M + iψ
M
− ∂+ψ−,M
)
, (1.1.4)
where ξ± = τ ± σ, ∂± = 12(∂τ ± ∂σ), and we have chosen the explicit representation
ρ0 =
(
0 −1
1 0
)
= −iσ2 , ρ1 =
(
0 1
1 0
)
= σ1 (1.1.5)
2The so-called Polyakov action was actually discovered independently by Brink, DiVecchia and
Howe, and by Deser and Zumino. Polyakov later used it in the context of the path integral quan-
tisation of the bosonic string.
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of the two dimensional Clifford algebra. The signs appearing in the subscript of
the components of ΨM refer to the eigenvalue with respect to the chirality matrix
ρ∗ = ρ0ρ1. Note that the supersymmetry variations with parameter  are given by
δX
M = ¯ΨM , δΨ
M = ρα∂αX
M . (1.1.6)
Varying this action, we find for the equations of motion
∂+∂−XM = 0 , ∂+ψM− = 0 , ∂−ψ
M
+ = 0 , (1.1.7)
i.e. the bosonic degrees of freedom satisfy a free wave equation and the fermions
the free Dirac equation in two dimensions. As always in a free QFT, we could now
diagonalise the Laplacian and promote the modes to creation/annihilation operators,
giving rise to a collection of bosonic and fermionic harmonic oscillators. However,
before acting prematurely, we need to think carefully about possible boundary con-
ditions for the string, which we have glossed over in deriving the field equations so
far. In fact, when varying the action by δXM and δΨM , one obtains the following
boundary terms from integration by parts
δS = − 1
2piα′
∫
dτ
(
∂σX
MδXM
) ∣∣∣pi,2pi
0
+
i
4piα′
∫
dτ (ψM+ δψ+,M −
− ψM− δψ−,M)
∣∣∣pi,2pi
0
, (1.1.8)
where the limits pi and 2pi refer to open and closed strings, respectively. Focusing on
the bosonic boundary term for now, we note that for a closed string, we have to pick
periodic boundary conditions XM(τ, σ) = XM(τ, σ + 2pi) anyway and so this term
vanishes without further ado. In the open string case on the other hand, we have the
choice between von Neumann (∂σX
M |0 and/or pi = 0) or Dirichlet (δXM |0 and/or pi = 0)
boundary conditions independently for each endpoint and direction. The former
imply that the ends move freely and no momentum flows off the string, whereas
Dirichlet boundary conditions imply that the corresponding end of the string is
fixed to a hypersurface that can exchange momentum with the open string. These
dynamical and, as it turns out, non-perturbative objects are called D-branes.
As for the fermionic term in (1.1.8), in the open string sector the terms at σ = 0
and σ = pi have to vanish separately, which relates the components of the Majorana-
17
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Weyl fermion as
ψ+(τ, σ)|0 or pi = ±ψ−(τ, σ)|0 or pi . (1.1.9)
By convention the overall sign is chosen such that ψ+(τ, 0) = ψ−(τ, 0), which leaves
us with the following possbilities
ψ+(τ, pi) = ψ−(τ, pi) , (1.1.10)
the Ramond (R) sector with integer modes3 or
ψ+(τ, pi) = −ψ−(τ, pi) , (1.1.11)
the Neveu-Schwarz (NS) sector with half-integer modes4.
One then proceeds to promote both the bosonic and fermionic modes to operators
and imposes (anti-)commutation relations. As usual, the Hilbert space is built up
by acting with creation operators on a vacuum, which is defined as the state being
annihilated by all annihilation operators. Furthermore, one needs to impose physi-
cal state conditions similar to the Gupta-Bleuler quantisation procedure in quantum
electrodynamics in the “weak” sense, i.e. in expectation values. More concretely,
these are the (super-)Virasoro constraints, arising classically as the modes of the
worldsheet energy momentum tensor and supercurrent. The critical dimension in
superstring theory D = 10 and a possible normal ordering constant a as well as the
aforementioned physical state conditions can be obtained in several different ways,
be it the absence of negative norm states in covariant quantisation [32,33], or enforc-
ing target space Lorentz invariance in light-cone quantisation [34]. A particularly
elegant approach is the so-called BRST quantisation, in which physical states are
identified with cohomology classes of a nilpotent operator QBRST , related to the
gauge symmetry of the underlying theory (in our case superconformal invariance on
the worldsheet). It can be shown that QBRST is nilpotent if and only if the supercon-
formal anomaly (central term in super-Virasoro algebra) is cancelled, which depends
on the target space dimension [35–37].
Let us turn our attention to the spectrum in the open string case. In the NS-
3This is only true for NN or DD boundary conditons, otherwise there is a sign flip at one of the
boundaries and the modes are half integer
4Again this only applies for NN or DD conditions, for ND or DN the modes are integer.
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sector, one finds that the ground state is once again tachyonic as for the original
bosonic string, and the first excited state is a massless ten dimensional Lorentz vector
i.e. it transforms under the little group SO(8) in the fundamental representation 8V.
In the R-sector on the other hand, the vacuum is massless but highly degenerate in
return, since the oscillators corresponding to the zero modes take one ground state
into another. They form a representation of the (9+1)-dimensional Clifford algebra,
and so the ground state is a spacetime spinor with spin 1/2. Under SO(8) or its
cover Spin(8) this 16-dimensional Majorana-Weyl spinor can be reorganised in the
two 8-dimensional irreducible spinor representations of opposite chirality 8 and 8′.
Now, in order to get rid of the tachyon and to obtain a spacetime supersymmetric
theory, we define the G-parity operator as
G := (−1)F+1 (NS) ,
G := Γ11(−1)F (R) , (1.1.12)
where Γ11 is the highest rank Clifford algebra element in 10 dimensions and F is
the worldsheet fermion number operator. One can perform a consistent truncation
of the spectrum, known as GSO projection after Gliozzi, Scherk and Olive [38], by
only keeping states with positive G-parity, thereby discarding the tachyon in the
NS-sector and the 8′ in the R-sector. Thus we are left with a D = 10, N = 1 gauge
multiplet at the massless level.
In the closed string sector we have four different choices of boundary conditions,
since we can impose these separately on left and right moving modes. Therefore, we
have to consider NS-NS, R-R, NS-R and R-NS sectors, with the former two giving
rise to spacetime bosons, whereas the mixed sectors are spacetime fermions. Again,
one can perform a GSO projection, which gives rise to only four consistent closed
superstring theories - quite a remarkable cull of the a priori thousands of possibilities.
Only two of these are physically distinct, the so called type IIA and type IIB theories
which are given by
Type IIA: (NS+, NS+) (R+, R−) (R+, NS+) (NS+, R−)
Type IIB: (NS+, NS+) (R+, R+) (R+, NS+) (NS+, R+),
where the subscripts refer to G-parity. We find the bosonic field content by taking
tensor products of two of the three eight dimensional representations of SO(8) corre-
sponding to the above sectors, and decomposing them into irreducible representations
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Table 1.1: Decomposition of massless closed string states into irreducible representations
of SO(8). Here, φ denotes the dilaton, C(0) the IIB axion, B(2) the Kalb-Ramond field,
gMN the spacetime metric. Other R-R-potentials are collectively denoted by C(p), where
p is the degree of the form. The subscript “+” indicates self-duality.
(NS+, NS+) 8V ⊗ 8V = 1︸︷︷︸
φ
⊕ 28︸︷︷︸
B(2)
⊕ 35︸︷︷︸
gMN
(R+, R−) 8⊗ 8′ = 8V︸︷︷︸
C(1)
⊕ 56︸︷︷︸
C(3)
(R+, R+) 8⊗ 8 = 1︸︷︷︸
C(0)
⊕ 28︸︷︷︸
C(2)
⊕ 35+︸︷︷︸
C(4)
of the little group again (cf. table 1.1). A similar procedure in the mixed R-NS and
NS-R sectors yields dilatinos and gravitinos, i.e. the superpartners of dilaton and
graviton.
There are three more consistent superstring theories in 10 dimensions, type I
which is made up of both open and closed unoriented strings with gauge group
SO(32) and the two heterotic string theories with gauge groups SO(32) and E8×E8.
The name heterotic refers to the fact that one combines the left-moving degrees
of freedom of a 10-dimensional superstring theory with the right-movers of a 26-
dimensional bosonic string theory. These five different string theories are not inde-
pendent though. Instead they are related to one another via a web of dualities, cf.
figure 1.1, and as it was realised in the mid 1990’s, are all different limits of a unique
11-dimensional theory of branes containing no strings, namely M-theory [39–41]. In
figure 1.1 we mention two types of dualities, T- and S-duality. T-duality relates a
string theory (e.g. IIA) compactified on a circle of radius R with another theory
(e.g. IIB) compactified on a circle of radius α
′
R
, with momentum and winding modes
interchanged. S-duality on the other hand is a strong/weak coupling duality. The
string coupling gs governing string perturbation theory is dynamically determined by
the theory itself as the vacuum expectation value of the dilaton gs = e
〈φ〉. S-duality
then states that a theory, e.g. type I, with coupling gs is equivalent to a theory with
inverse coupling 1/gs, e.g. heterotic SO(32).
20
Chapter 1. AdS/CFT and Supergravity Backgrounds
M-theory
Type
IIA
Type
IIB
Heterotic
E8 × E8
Heterotic
SO(32)
Type
I
T-duality on
R8,1 × S1
S-duality
T-duality on
R8,1 × S1
gs →∞
Compactify
on S1
gs →∞
Compactify
on S1/Z2
S-duality
Figure 1.1: Web of string dualities
1.1.2 Supergravity as low energy effective theory
String theory ultimately aspires to provide a unified description of all fundamental
interactions, including gravity. In the previous section we found promising hints
from the spectrum in that direction, as it contained a massless spin two particle,
a prime candidate for the graviton. However, the correct particle spectrum alone
is meaningless without knowing how these couple to one another. Besides, at low
energies5 the massive tower of string modes freezes out and only the massless modes
survive. So, in the appropriate limit, we should recover the Einstein Hilbert action
as well as gauge theory. How do we go about finding this low energy effective theory?
One possibility is to write down the free Lagrangian for the massless fields that
are present in the spectrum, and add in interactions that reproduce the amplitudes
computed in string perturbation theory. Further restrictions arise from spacetime
symmetries, such as general coordinate invariance and supersymmetry, which can be
inferred from the structure of the worldsheet theory, e.g. from conserved currents.
5By low energy we mean that α′k2  1, where k denotes the momentum of an external on-shell
state.
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Alternatively, requiring worldsheet superconformal invariance6, the β-functions of
the two-dimensional (non-linear) sigma model coupled to target space background
fields, the massless modes, have to vanish. This yields the equations of motion and
one may then write down an action that reproduces these.
After GSO projection both type IIA and IIB contain an equal number of on-
shell bosonic and fermionic degrees of freedom (128+128) at the massless level. As
advertised this is a sign of spacetime supersymmetry which is made manifest in
the Green Schwarz formalism [42], an alternative approach to the Ramond-Neveu-
Schwarz formalism outlined in the previous section to obtain superstring theories. We
mentioned that the mixed R-NS and NS-R sectors in both type IIA and IIB contain
two gravitinos ψMI (I = 1, 2), i.e. massless spin 3/2 fields. In the case of IIA these are
of opposite chirality, whereas IIB is chiral. Now, just like the presence of a massless
vector boson implies a gauge symmetry in a consistent QFT, the occurrence of a
gravitino, the superpartner of the graviton, implies that spacetime supersymmetry
has to be local. Therefore, the low energy effective theories will be supergravities.
Furthermore, the presence of two independent gravitinos is linked to the existence
of two independent N = 2 supersymmetry algebras7 in 10 dimensions, differing by
the chirality of their two Majorana-Weyl supercharges. In fact, it turns out this is
also the maximum number of supersymmetry one can have in 10 dimensions, if we
demand not to exceed spin two in the supermultiplets [43]. The effective action to
lowest order in α′ of the bosonic fields in type IIA [44–46] and IIB8 [47–49] (in the
string frame) is of the form
SIIA/IIB = SNS + SR + SCS , (1.1.13)
where SNS is the common sector of both theories given by
SNS =
1
2κ˜210
∫
d10x
√−g e−2φ
(
R + 4∂Mφ ∂
Mφ− 1
12
HMNLH
MNL
)
, (1.1.14)
and H(3) = dB(2) is the field strength of the Kalb-Ramond field. κ˜
2
10 denotes the
6That is an anomaly free gauge symmetry on the worldsheet.
7Hence the name type II.
8In the case of IIB, this is really more of a pseudo-action, since one still has to impose self-duality
of the 5-form F˜(5) = ∗F˜(5) at the level of the equations of motion.
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10-dimensional gravitational constant
2κ˜210 = (2pi)
7α′4 . (1.1.15)
Moreover, SR contains the kinetic terms of the R-R-gauge fields and SCS are Chern-
Simons terms, so of a topological nature. In the case of type IIA one finds
SR = − 1
4κ˜210
∫ (
F(2) ∧ ∗F(2) + F˜(4) ∧ ∗F˜(4)
)
SCS = − 1
4κ˜210
∫
B(2) ∧ F(4) ∧ F(4) , (1.1.16)
where
F(2) = dC(1) , F(4) = dC(3) , F˜(4) = F(4) − C(1) ∧H(3) . (1.1.17)
For IIB this reads
SR = − 1
4κ˜210
∫ (
F(1) ∧ ∗F(1) + F˜(3) ∧ ∗F˜(3) + F˜(5) ∧ ∗F˜(5)
)
SCS = − 1
4κ˜210
∫
C(4) ∧H(3) ∧ F(3) , (1.1.18)
with
F(1) = dC(0) , F(3) = dC(2) , F(5) = dC(4) , F˜(3) = F(3) − C(0)H(3) ,
F˜(5) = F(5) − 1
2
C(2) ∧H(3) + 1
2
B(2) ∧ F(3) . (1.1.19)
The action of type IIA supergravity may also be derived via dimensional reduction
of 11-dimensional supergravity. Supergravity in 11 dimensions is unique in the sense
that this is the maximal spacetime dimension in which the massless multiplets only
contain particles of spin less or equal than two. The bosonic part of the action of
11-dimensional supergravity is given by [50]
S11 =
1
2κ211
[∫
d11x
√−g
(
R− 1
48
F 2(4)
)
− 1
6
∫
A(3) ∧ F(4) ∧ F(4)
]
, (1.1.20)
where A(3) is a 3-form gauge potential with field strength F(4) = dA(3) and κ11 denotes
the gravitational coupling in 11 dimensions. Just like the UV completions of type
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IIA and type IIB supergravity are type IIA and type IIB string theory, respectively,
the strong coupling limit of 11-dimensional supergravity was conjectured to be M-
theory [40,41,51].
1.1.3 The two faces of branes
So far we have been preoccupied with the quantisation of open and closed strings,
as well as the low energy effective theory of closed strings. In section 1.1.1, we have
briefly alluded to the fact that D-branes are not merely hyperplanes on which open
strings can end, but are dynamical objects in their own right [52–54]. In fact, they
gravitate by coupling to closed strings in the NS-NS sector, that is they have a mass
and hence deform spacetime. On the other hand, they are naturally charged under
R-R form potentials, and one finds a gauge theory living on the worldvolume.
The derivation of the low energy effective action of open strings proceeds along
similar lines as the one of closed strings in section 1.1.2, except that now boundary
conditions specified by D-branes have to be taken into account. The endpoints of a
string are charged, and so couple to a gauge field Aa living on the D-brane. Again one
has to impose constraints, namely the worldsheet energy momentum tensor has to
vanish. One obtains restrictions on the equations of motion, and thus the form of the
gauge field. These may be reformulated as the field equations of the D-brane action.
To this end, let ξa be coordinates on the worldvolume of a Dp-brane. Analogously
to how the Nambu-Goto action encoded the area swept out by a string, the bosonic
part of the Dirac-Born-Infeld (DBI) action of a (p+ 1)-dimensional brane is given by
SDBI = −Tp
∫
dp+1ξ e−φ
√
− det (gab +Bab + 2piα′Fab) , (1.1.21)
where gab and Bab denote the pullback of the target space metric and Kalb-Ramond
field
gab =
∂XM
∂ξa
∂XN
∂ξb
gMN , Bab =
∂XM
∂ξa
∂XN
∂ξb
BMN , (1.1.22)
and the coupling constant Tp = (2pi)
−pα′−
p+1
2 denotes the brane tension. The field
strength Fab is that of the U(1) gauge field Aa propagating along a single Dp-brane.
If we embed such a Dp-brane into flat space with vanishing Kalb-Ramond field and
constant dilaton, i.e. gs = e
φ, and expand the square root to leading order, we
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obtain the kinetic term of Maxwell theory or put differently, (Abelian) Yang-Mills
(YM) theory
SDBI = −(2piα′)2 Tp
4gs
∫
dp+1ξ FabF
ab , (1.1.23)
which matches open string scattering computations. From (1.1.23) we may read off
the YM coupling
g2YM =
gs
Tp(2piα′)2
= (2pi)p−2gsα′
p−3
2 . (1.1.24)
To lowest order, an R-R-form field C(p+1) (pulled back to the brane) naturally couples
to a Dp-brane Σp+1 as
Sp = µp
∫
Σp+1
C(p+1) , (1.1.25)
with charge µp =
Tp
gs
. Note that this is invariant under Abelian gauge transformations
of the form δC(p+1) = dΛ(p) for some p-form Λ(p). Finally, the full (bosonic) action
of a Dp-brane also contains a Chern-Simons term
SDp = SDBI + SCS , (1.1.26)
which is of the form
SCS = µp
∫
Σp+1
∑
k
C(k+1) ∧ eB+2piα′F . (1.1.27)
It is understood that all forms are pulled back appropriately and the exponential
power series has to be expanded in terms of the wedge product. In order to obtain
non-Abelian gauge theories, we would have to look at several coincident branes, for
instance a stack of N coincident D-branes gives rise to U(N) YM theory.
Now, let us turn our attention to the second viewpoint of branes as gravitational
solitons, that is higher dimensional analogues of black holes [55]. These (extremal)
black branes solve the equations of motion of a particular supergravity theory and are
so-called half BPS solutions, i.e. they preserve half of the original supersymmetry of
the (flat) background (cf. section 1.2.2). In 10 dimensions, the presence of a Dp-brane
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breaks 10-dimensional Poincare´ invariance ISO(9, 1) down to ISO(p, 1)×SO(9−p).
It can be shown that
ds2 = Hp(r)
− 1
2 ηµν dx
µdxν +Hp(r)
1
2 δij dy
idyj ,
C(p+1) =
(
1
Hp(r)
− 1
)
dx0 ∧ dx1 ∧ ... ∧ dxp ,
eφ = gsHp(r)
3−p
4 , B(2) = 0 (1.1.28)
solves the equations of motion, see [56] and references therein. Here, xµ with µ =
0, 1, ..., p denote coordinates along the brane and yi with i = p + 1, ..., 9 are the
transverse coordinates. The radial coordinate r is defined as usual as r2 = δijy
iyj
and the function Hp(r) has to be harmonic
∇2yHp(r) = 0 , (1.1.29)
and thus may be written as
Hp(r) = 1 +
(
`
r
)7−p
. (1.1.30)
Note that this spacetime is asymptotically flat, i.e. as r →∞, we recover Minkowski
space. The characteristic length scale ` may be determined from the R-R-charge
of the Dp-brane, which can be computed by integrating the R-R-flux through an
(8 − p)- dimensional sphere at infinity surrounding the brane. One can show by
a Dirac string-type argument that such a charge has to be quantised [57–59] and
basically counts the number N of branes in units of µp. Thus one finds
`7−p = (4pi)
5−p
2 Γ
(
7− p
2
)
gsNα
′ 7−p
2 . (1.1.31)
In type IIA or IIB string theory, Dp-branes with p even or odd, respectively, are stable
since the R-R-fields C(p+1) present in the their spectra can couple to the branes. From
the supergravity persepective, Dp-branes are extremal in the sense that they saturate
the BPS bound, since their mass M = vol(Rp,1) ·N ·µp is poportional to their charge
Q = N · µp.
In 11-dimensional supergravity, we only have one 3-form field A(3) at our disposal
that could couple to branes. Indeed, one finds that there are two different supergrav-
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ity solitons, the so-called M2-branes which couple electrically to A(3), and M5-branes
which couple magnetically to the 3-form. A stack of N coincident M2-branes is given
by [60]
ds2 = H(r)−
2
3 ηµν dx
µdxν +H(r)
1
3 δij dy
idyj ,
A(3) =
1
H(r)
dx0 ∧ dx1 ∧ dx2 , (1.1.32)
where the harmonic function H(r) is given by
H(r) = 1 +
(
`
r
)6
, `6 = 32pi2N l6p . (1.1.33)
Similarly, the fields sourced by a stack of their magnetic duals, namely M5-branes
[61], are
ds2 = H(r)−
1
3 ηµν dx
µdxν +H(r)
2
3 δij dy
idyj ,
A(6) =
1
H(r)
dx0 ∧ dx1 ∧ ... ∧ dx5 , (1.1.34)
with
H(r) = 1 +
(
`
r
)3
, `3 = piN l3p , (1.1.35)
and A(6) is the magnetic dual of A(3), that is dA(6) = ∗dA(3).
In section 1.2.3, we will get back to stacks of (D3-)branes and in particular in-
vestigate the near-horizon limit r  ` in more detail, which will ultimately lead us
to the AdS/CFT correspondence.
1.2 AdS/CFT
Most of this thesis is dedicated to studying AdS supergravity backgrounds which are
of paramount importance for the AdS/CFT correspondence. Thus, we devote this
section to collect some of the necessary tools on the supergravity side to hopefully
make sense of most words in the previous sentence. Further, we will give a crude and
by no means exhaustive introduction to the original correspondence. In preparing
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this outline, we found the textbooks [62, 63] as well as the review [64] most helpful,
from which we have freely drawn inspiration.
1.2.1 AdS geometry
Anti-de Sitter spacetime (AdS) is the maximally symmetric spacetime with negative
cosmological constant, i.e. constant negative scalar curvature. n-dimensional AdSn
can be constructed as a hypersurface in Rn−1,2 as follows
−T 21 − T 22 +X21 +X22 + ...+X2n−1 = −`2 , (1.2.1)
where ` is the radius of AdS. Observe that this construction is the non-Euclidean
analogue of how one would embed an n-dimensional hyperboloid in Rn+1. As for the
isometries of AdSn, we note that (1.2.1) is manifestly invariant under SO(n− 1, 2),
in particular, this justifies our earlier claim that AdSn is maximally symmetric, since
dimSO(n − 1, 2) = 1
2
n(n + 1). Furthermore, given the isometry group of AdSn, it
may alternatively be identified with the coset space SO(n − 1, 2)/SO(n − 1, 1). In
order to see this, consider (`, 0, 0, ..., 0) as a base point without loss of generality.
This satisfies (1.2.1), and we may reach any other point in AdSn by acting with
an element of SO(n − 1, 2). Finally, the point (`, 0, 0, ..., 0) is invariant under the
left action of SO(n − 1, 1), i.e. SO(n − 1, 1) is the stabiliser of a point in AdSn.
Let us consider some explicit coordinate systems of AdSn. For instance, one may
parametrise the hyperboloid (1.2.1) by
T1 = ` cosh ρ cos τ ,
T2 = ` cosh ρ sin τ ,
Xi = ` yi sinh ρ , i = 1, ..., n− 1 (1.2.2)
where τ ∈ [0, 2pi), ρ ∈ R+ and
∑
i y
2
i = 1. This coordinate system is usually referred
to as global coordinates, since it covers the entire hypersurface (1.2.1). Pulling back
the flat metric on Rn−1,2 to AdSn, one finds
ds2 = `2
(− cosh2ρ dτ 2 + dρ2 + sinh2ρ dΩ2n−2) , (1.2.3)
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where dΩ2n−2 denotes the metric on the sphere S
n−2. Note that this features a global
timelike Killing vector field ∂τ , however the associated time coordinate is perdiodic,
so we can end up with closed timelike curves. Therefore, to avoid a grandfather
paradox-like situation, we should really unwrap the time coordinate and allow τ ∈ R,
thereby going to the universal cover of AdSn.
Another widely used coordinate system, and probably the most useful in the
context of AdS/CFT, are Poincare´ patch coordinates. Introducing xµ = (t,x) ∈
Rn−2,1 and r ∈ R+, the parametrisation is given by
T1 =
`2
2r
(
1 +
r2
`4
(
`2 − t2 + x2))
T2 =
rt
`
Xi =
rxi
`
, i = 1, ..., n− 2
Xn−1 =
`2
2r
(
1 +
r2
`4
(−`2 − t2 + x2)) . (1.2.4)
The metric of AdSn then reads
ds2 =
r2
`2
ηµνdx
µdxν +
`2
r2
dr2 , (1.2.5)
and so we observe that AdSn is foliated by leaves of (n− 1)-dimensional Minkowski
space, hence the name Poincare´ patch. In fact, this is our first example of a warped
product metric, which we will come back to later in this section. First, let us note
that the conformally equivalent metric ds˜2 = `
2
r2
ds2 exhibits a boundary at r → ∞
and it is in this sense that Minkowski space is the conformal boundary of AdS. On
the other hand, the slice at r = 0 is a Killing horizon, since the time-like Killing
vector ∂t has vanishing norm on that plane. As convenient as these coordinates are,
we want to stress it is not a coincidence that their very name contains the word
“patch”; indeed they only cover half the hyperboloid (1.2.1). The plane r = 0 is
just a coordinate singularity though, and the metric may be extended through the
Killing horizon, e.g. using the global coordinates (1.2.2).
A first hint that a theory on AdS might be holographic comes from the causal
structure of AdS. To this end, let us perform the following gedankenexperiment.
Imagine we were a stationary observer in the bulk of AdS at ρ = ρ0 in global coor-
dinates (1.2.2), and we sent out a light signal radially towards the boundary where
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it is reflected. Setting τ(ρ0) = 0, an outward radial null geodesic is parametrised by
τ(ρ) = 2 (arctan(eρ)− arctan(eρ0)) , (1.2.6)
thus we find that the signal reaches us in finite proper time as measured on our clock,
namely
` cosh ρ0 (2pi − 4 arctan(eρ0)) . (1.2.7)
Therefore, the conformal boundary is in causal contact with the bulk.
1.2.2 Supergravity Backgrounds and Killing spinors
A supergravity background is a solution to the classical equations of motion for the
metric, fluxes, and scalar fields of a particular theory. One may then treat any fluc-
tuations around this background quantum mechanically. The fermionic fields are all
set to zero, since they have to vanish classically9. We will mostly be interested in
supersymmetric backgrounds, that is solutions preserving some residual (rigid) su-
persymmetry of the original (local) supergravity, and thus we require that the SUSY
variations leave the fields invariant. Since SUSY transforms bosons into fermions,
and we have set the latter to zero, this will not give us any new conditions. How-
ever, the SUSY variations with parameter  of the fermions, in particular that of
the gravitino ψM , which is present in every SUGRA theory, and those of any other
remaining fermions λ yield
δψM |ψM ,λ=0 = DM = 0 , δλ|ψM ,λ=0 = A = 0 , (1.2.8)
where DM denotes the supercovariant derivative
DM = ∂M + 1
4
ΩM,ABΓ
AB + BM , (1.2.9)
which contains the spin connection ΩM,AB. Here, M,N etc. denote spacetime in-
dices, A,B are frame indices, and BM just collectively denotes fluxes in the theory
contracted into Clifford algebra elements. Any SUSY parameters  which solve these
9Consider Minkowski space Rn−1,1 for example, fermions are spinors and as such will transform
non-trivially under SO(n− 1, 1). A non-vanishing VEV would break the Lorentz invariance of the
vacuum.
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first order partial differential equations and possibly algebraic conditions are called
Killing spinors and hence the set of equations (1.2.8) are referred to as Killing spinor
equations (KSEs). The number N of linearly independent solutions to (1.2.8) is
referred to as the number of preserved supersymmetries of the background.
For the most part, we will focus on warped products of AdS or Minkowski space,
and some so called internal space. Backgrounds of this type were originally con-
sidered in the context of Kaluza Klein and flux compactifications cf. [5, 65] for a
comprehensive review. More recently, there has been renewed interest in such solu-
tions as gravity duals of supersymmetric field theories, which we aim to give a flavour
of in section 1.2.3. Requiring that these backgrounds be invariant under the isome-
tries of AdSn or Rn−1,1 respectively, the most general metric one can write down is
of the form
ds2 = A2ds2(AdSn) + ds
2(MD−n) , ds2 = A2ds2(Rn−1,1) + ds2(MD−n) . (1.2.10)
Here D = 10, 11 denotes the dimension of the supergravity theory under considera-
tion and A is the so-called warp factor, which may depend on the coordinates of the
transverse space MD−n.
It turns out that the metric of warped AdS backgrounds can be written in the form
of a black hole near horizon geometry [66], so that techniques from studying black
hole horizons [67–74] can be carried over to the analysis of AdS solutions [75–77].
Near an extremal black hole horizon, one can adapt coordinates such that the metric
becomes [78,79]
ds2 = 2du(dr + rh− r2 ∆
2
du) + ds2(S) , (1.2.11)
where the one-form h and function ∆ depend on the coordinates of the horizon
section S. In horizon calculations one usually assumes that S is compact without
boundary, but we are not making this assumption here. If we recall the Poincare´
patch metric on AdSn (1.2.5) and let r = `e
z
` , we obtain
ds2 = A2e
2z
`
(
−dt2 +
n−2∑
i=1
(dxi)2
)
+ A2dz2 + ds2(MD−n) (1.2.12)
for the metric on the warped product space. For n > 2 we introduce a kind of
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rescaled light cone coordinates
u =
1√
2
(t+ x1) , r = A2e
2z
` (−t+ x1) , (1.2.13)
so that we end up with
ds2 = 2du
(
dr − 2r
`
dz − 2rd logA
)
+ A2dz2+
+ A2e
2z
` δabdx
adxb + ds2(MD−n) , (1.2.14)
where a, b = 1, ..., n− 3 refers to the remaining spatial coordinates of the Minkowski
leaves. Note that this is indeed of the form (1.2.11) with
h = −2
`
dz − 2d logA , ∆ = 0 ,
ds2(S) = A2dz2 + A2e 2z` δabdxadxb + ds2(MD−n) . (1.2.15)
Similarly, one can cast the metric of warped product spaces containing an AdS2-
factor in the form of a near horizon metric [66], however we are only concerned with
n > 2 in this thesis, and so we shall omit this here.
It is natural to introduce a pseudo-orthornormal frame as
e+ = du , e− = dr − 2r
`
dz − 2r d logA , ez = Adz , ea = Ae z` dxa , (1.2.16)
so that
ds2 = 2e+e− + (ez)2 + δabeaeb + δijeiej , (1.2.17)
where ds2(MD−n) = δijeiej. Since we required that all fields in our background be
invariant under the isometries of AdSn, any p-form fluxes F
(p) will generically have
to be of the form
F (p) = X(p−n) ∧ dvol(AdSn) + Y (p) , p ≤ n
F (p) = Y (p) , p > n , (1.2.18)
where X(p−n) and Y (p) are forms on the internal manifold MD−n of degree p−n and
p, respectively. Taking this setup as a starting point, the authors in [75–77] explicitly
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solved the Killing spinor equations on the AdS subspace in 11-dimensional, type IIB
and (massive) IIA supergravity to find
 = σ+ + σ− − 1
`
e
z
` xaΓazσ− − 1
`A
uΓ+zσ− + e−
z
` τ+−
− 1
`A
re−
z
` Γ−zτ+ − 1
`
xaΓazτ+ + e
z
` τ− , (1.2.19)
where the spinors σ±,τ± only depend on the transverse space, and satisfy the light
cone projection conditions Γ±σ± = Γ±τ± = 0. The remaining independent KSEs
are schematically a parallel transport equation along the internal manifold (with
supercovariant connection ∇(±))
∇(±)i σ± = 0 , ∇(±)i τ± = 0 , (1.2.20)
restrictions of algebraic KSEs to the transverse space
A(±)σ± = 0 , A(±)τ± = 0 , (1.2.21)
and an additional algebraic KSE
Ξ(±)σ± = 0 ,
(
Ξ(±) ± 1
`
)
τ± = 0 , (1.2.22)
which arises as an integrability condition from integrating the KSEs along the AdS-
factor. Details of the supercovariant connection ∇(±), as well as the Clifford algebra
operators A(±),Ξ(±) are theory dependent, and will be introduced as and when we
need them in chapters 2 and 3. The field equations are for the most part more or less
naive reductions on the transverse space with the notable exception of the Einstein
equation along AdS, which leads to an equation of motion for the warp factor
∇2 logA = −n(d logA)2 − n− 1
`2A2
+ (fluxes)2. (1.2.23)
Depending on the dimension of the AdS subspace, σ± and τ± come in different mul-
tiplicities, i.e given some linearly independent solutions of type σ+, one can generate
σ− and possibly τ±-type spinors via Clifford algebra operators. The number of super-
symmetries a background preserves is then given by the number of multiplets times
the number of linearly independent spinors in each multiplet.
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Lastly, we would like to point out the importance of assuming the transverse space
to be compact without boundary as discussed in [80]. Going back to the hyperboloid
(1.2.1), we can introduce a slightly different set of global coordinates with ρˆ ∈ R+ as
T1 = ρˆ cos τ
T2 = ρˆ sin τ
Xi = xi , i = 1, ..., n− 2 , (1.2.24)
so that the metric becomes
ds2(AdSn) = −ρˆ2dτ 2 − dρˆ2 +
n−2∑
i=1
(dxi)
2 . (1.2.25)
Next, we set
ρˆ = `rˆ cosh y ,
xn−2 = ` sinh y ,
xi = `wi cosh y , i = 1, ..., n− 3 , (1.2.26)
where rˆ ∈ R+, y ∈ R and −rˆ2 +
∑
i(wi)
2 = −1, which yields
ds2(AdSn) = `
2dy2 + `2 cosh2y
(
−rˆ2dτ 2 − drˆ2 +
n−3∑
i=1
(dwi)
2
)
= `2dy2 + `2 cosh2y ds2(AdSn−1) (1.2.27)
for the metric. Thus AdSn may be foliated by AdSn−1-leaves, the result being a
warped product with the real line and warp factor `2 cosh2y. Repeating this pro-
cedure multiple times, the solution AdS7 × S4 in 11-dimensional supergravity could
then be reinterpreted as an AdS4 background with some non-compact internal space,
for instance. Of course, all solutions obtained in this fashion are locally isometric
to the parent solution, and therefore do not represent a genuinely new background.
Hence, in order to exclude such “fake” AdS vacua and to make it unambiguously
clear what constitutes distinct backgrounds, we usually assume the internal manifold
MD−n to be compact without boundary. As we will see in section 1.4, compactness
also guarantees that certain Killing spinor bilinears vanish and thus the bosonic part
of the Killing superalgebra decomposes into a direct sum of the isometry algebra of
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AdSn and that of the the transverse space M
D−n.
1.2.3 Stacks of D3-branes - a tale of two limits
Finally, we have collected all necessary ingredients to formulate and at least “justify”
the AdS/CFT correspondence, and so without further ado, let us see what this is
all about. In its strongest conjectured form, the AdS/CFT correspondence relates a
superstring theory on an AdS background to a (super-) conformal field theory living
on the conformal boundary of AdS. The original and most prominent example of
the correspondence is that type IIB superstring theory on AdS5 × S5 with radius `
and N units of five-form flux is dual to N = 4 Super Yang-Mills theory on R3,1 and
gauge group SU(N) [1–3]. The coupling constants of these theories are identified as
g2YM = 2pigs , 2g
2
YMN =
`4
α′2
. (1.2.28)
Note that this is a strong-weak coupling duality; for instance in the limit gs → 0 and
α′/`2 → 0, we recover supergravity on the AdS side, whereas on the CFT side this
corresponds to the limit of large ’t Hooft coupling λ = g2YMN → ∞, i.e. a strongly
coupled gauge theory.
In order to motivate this correspondence, let us consider a stack of N coincident
D3-branes extending in the x0, x1, x2 and x3 direction in type IIB. As we mentioned in
section 1.1.3, we may take two points of view. The first point of view is that D-branes
are the endpoints of open strings and we know how to treat these perturbatively
provided that gs  1. Furthermore, we saw that at low energies E 
√
α′, i.e.
when we can neglect the massive tower of string excitations, the effective theory of
the massless open string modes is a supersymmetric Yang-Mills theory with gauge
group U(N) and effective coupling gsN living on the worldvolume. Therefore, this
open string perspective is really valid for gsN  1.
The effective action of this configuration is of the form
S = Sbulk + Sbrane + Sint , (1.2.29)
where Sbulk and Sbrane describe closed and open string modes, respectively. Further,
Sint encompasses the interaction between these two sectors. The bulk action Sbulk is
that of 10-dimensional supergravity plus higher order derivative terms. Expanding
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the metric around the flat Minkowski background, that is g = η + κh, schematically
to leading order one has
Sbulk = −1
2
∫
d10x (∂h)2 +O(κ) , (1.2.30)
with the gravitational coupling constant κ given by 2κ2 = (2pi)7α′4g2s . Note that
introducing a stack of coincident branes breaks half the supersymmetry and so the
massless open string excitations can be collected in a (3 + 1)-dimensional N = 4
gauge multiplet consisting of a gauge field Aµ, six real scalars ϕ
i (i = 1, ..., 6) and
fermionic superpartners. Coordinates transverse to the brane are identified with the
worldvolume scalars as
xi+3 = 2piα′ϕi , i = 1, ..., 6 . (1.2.31)
Now, the remaining contributions to the effective action (1.2.29) follow from plug-
ging (1.2.31) into the DBI-action plus a Wess-Zumino term as given in (1.1.26) and
expanding e−φ and g = η+κh so that only terms to leading order in α′ remain. One
finds the following expressions
Sbrane =
1
2pigs
∫
d4x tr
(
1
2
FµνF
µν +Dµϕ
iDµϕi +
1
2
∑
i,j
[ϕi, ϕj]2
)
+O(α′)
Sint = O(α′) . (1.2.32)
Thus, we may identify the leading term of Sbrane in (1.2.32) as the bosonic part of
the action of N = 4 Super Yang-Mills with coupling
g2YM = 2pigs , (1.2.33)
as in (1.2.28). Due to the fact that the interaction between the open and closed
sector is O(α′), we are now tempted to take the limit α′ → 0, in which we obtain
N = 4 SYM on the worldvolume and free IIB supergravity on R9,1. However, we
have to be a bit more careful than that due to eqn. (1.2.31). In fact, the vacuum
expectation values (VEVs) of the scalars parametrise the transverse position of the
brane, and as such should be kept fixed when taking the decoupling limit. Therefore
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we should really be taking the so-called Maldacena limit
α′ → 0 , U = r
α′
= const. , (1.2.34)
where U is kept fixed and r is some distance which will play a role in the closed
string perspective of our brane setup.
The second point of view is that Dp-branes can be identified with extremal p-
brane solutions in supergravity, i.e. the low energy effective theory of closed strings.
We found that these D-branes viewed as gravitational solitons curve the spacetime
around them. In order for the (classical) supergravity approximation to hold, that is
so we do not have to invoke α′-corrections, we should consider the regime in which
the characteristic length scale ` is large and so curvature is weak. More precisely, we
require `/
√
α′  1. Since for our stack of D3-branes gsN ∼ `4/α′2, this closed string
perspective may be employed when gsN  1.
In section 1.1.3, we found the solution for general Dp-branes, and in our particular
case, that is a stack of N coincident D3-branes, this reads
ds2 = H(r)−
1
2 ηµνdx
µdxν +H(r)
1
2
(
dr2 + r2dΩ25
)
F(5) = −(1 + ∗) dvol(R3,1) ∧ dH−1
e2φ(r) = g2s , (1.2.35)
where
H(r) = 1 +
`4
r4
, `4 = 4pigsNα
′2 , (1.2.36)
and we have introduced spherical polar coordinates transverse to the brane. Note
that this manifestly preserves ISO(3, 1) × SO(6) and one can verify that half of
the original 32 real Poincare´ supercharges are broken again. The solution (1.2.35)
interpolates between two different regions. For r  `, H(r) ∼ 1 and we recover the
(9 + 1)-dimensional Minkowski vacuum. If on the other hand r  `, the harmonic
function H is approximately H(r) ∼ `4/r4 and the metric becomes that of AdS5×S5
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(cf. eqn. (1.2.5)):
ds2 =
r2
`2
ηµν dx
µdxν +
`2
r2
(
dr2 + r2 dΩ25
)
=
r2
`2
ηµν dx
µdxν +
`2
r2
dr2︸ ︷︷ ︸
AdS5
+ `2dΩ25︸ ︷︷ ︸
S5
. (1.2.37)
Thus, there are really two different kinds of closed string modes in this background;
those propagating in flat space far away from the branes and those propagating in
the vicinity of the AdS-throat. Upon taking the Maldacena limit, these two types of
closed strings decouple from one another. In order to see this, we consider a closed
string excitation with energy Er ∼ α′− 12 at some fixed radial position r. Even if√
α′Er  1 in the near-horizon region, we cannot just integrate these modes out at
low energies, since the energy E∞ measured by an observer at infinity is red-shifted
as
√
α′E∞ =
√−g00 ·
√
α′Er ∼ r
`
√
α′Er → 0 , (1.2.38)
for r  ` but fixed √α′Er. Hence an observer at infinity sees both supergravity (i.e.
massless string modes) modes propagating in R9,1, as well as closed string excitations
in the throat region AdS5 × S5. Similarly to the field theory side, these decouple
when we take the Maldacena limit, since
`4
r4
= 4pigsN
α′2
r4
= 4pigsN
α′4
r4
· 1
α′2
→∞ (1.2.39)
as α′ → 0 with α′
r
kept fixed. Thus, what we are really doing here, is zooming in on
the near-horizon region, hence the alternative name near-horizon limit for (1.2.34).
All in all, we discovered two decoupled low energy effective theories in both
pictures, namely type IIB supergravity on AdS5 × S5 and type IIB supergravity on
R9,1 in the closed string picture, and (3+1)-dimensional N = 4 Super Yang-Mills
and type IIB supergravity on R9,1 in the open string picture. These two perspectives
should yield equivalent descriptions of the same underlying physics and, since IIB
supergravity in flat space is present in both of them, this led Maldacena to conjecture
that type IIB superstring theory on AdS5 × S5 is dual to N = 4 Super Yang-Mills10
10A little caveat here is what happened to the U(1) in U(N). We originally stated that the gauge
group is SU(N) and not U(N). The reason for this is that the U(1) multiplet is free but in IIB on
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in four dimensions.
As a first consistency check of the correspondence, let us compare the symmetries
on both sides, since these should match up. N = 4 SYM is superconformal, i.e. the
operators form representations of the conformal group in four dimensions SO(4, 2).
Furthermore, as the theory is also supersymmetric, there are 4 × 4 = 16 Poincare´
supercharges associated with translations and 16 superconformal charges associated
with conformal boosts, that is we have 32 supersymmetries in total. Last but not
least, the R-symmetry group rotating these supercharges amongst one another is
SU(4). On the gravity side, we find both SO(4, 2) and SO(6) ≈ SU(4) (at least
on the Lie algebra level) as the isometry groups of AdS5 and the internal mani-
fold S5. Besides, AdS5 × S5 is maximally supersymmetric [48, 83], which is curious
considering we started out with a half BPS brane configuration. Such supersymme-
try enhancement near the horizon is a very common feature and has been studied
in [69,72–74].
One may then go on to exploit the representations of these symmetry groups to
establish the dictionary between operators on the field theory side and the spectrum
of IIB on the gravity side. This allows us for example to compute correlation functions
in supergravity with relative ease, whose field theory dual would be computationally
inaccessible by other methods. Let us give an example of how this matching on both
sides works. An important class of gauge invariant operators are the half BPS chiral
primaries of conformal dimension ∆ given by
O∆(x) = C∆i1...i∆ tr
(
ϕi1(x)...ϕi∆(x)
)
, (1.2.40)
where the elementary scalars ϕi transform in the 6 of so(6) = su(4), and the coef-
ficients C∆i1...i∆ form the rank ∆ symmetric traceless tensor representation of so(6).
Their conformal dimension is protected from any quantum corrections by supersym-
metry, hence these operators provide a non-trivial check of the correspondence, as in
that case we have control over both sides. Now, on the supergravity side, we have
a compact space with transitive group SO(6), namely S5, and so we can expand
the fields into Kaluza-Klein modes. In our case, these are the spherical harmonics
Y In(Ω5) of S
5 constituting irreducible representations of so(6). In particular, viewing
AdS5 × S5 everything has to couple to gravity and no field is free. From the gravity perspective,
the U(1) modes are singletons only living on the boundary of AdS and unable to propagate into
the bulk [64,81,82].
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S5 as embedded in R6 with coordinates xi, these can be written as
Y In = CIni1...in x
i1 ... xin , (1.2.41)
where the CIni1...in are again symmetric traceless tensors of so(6). On a five-sphere of
radius `, the spherical harmonics diagonalise the Laplacian
∇2S5Y In(Ω5) = −
1
`2
n(n+ 4)Y In(Ω5) . (1.2.42)
Suppressing any spacetime indices, a supergravity field Φ has a Kaluza-Klein expan-
sion of the form
Φ(xµ, r,Ω5) =
∑
n
∑
In
ΦInn (x
µ, r)Y In(Ω5) , (1.2.43)
where (xµ, r) are the coordinates on AdS5 and Ω5 denotes those on S
5. Plugging this
ansatz into the SUGRA equations of motion [84], one finds masses m (and couplings)
for the AdS5 fields Φ
In
n which correspond to operators O∆ inN = 4 SYM with scaling
dimension ∆ = n [2]. The mass m and conformal dimension ∆ are related by
∆ = 2 +
√
4 +m2`2 . (1.2.44)
A similar heuristic derivation to the one we have outlined here can be performed
for stacks of M2- and M5-branes in 11-dimensional supergravity, whose near-horizon
limits are the maximally supersymmetric AdS4× S7 and AdS7× S4 M-theory back-
grounds, resepectively.
1.3 The Homogeneity Theorem
The common theme of this thesis is to classify supergravity backgrounds in 10 and
11 dimensions preserving more than half maximal supersymmetry. In this section,
we are going to address why such a setup is particularly tractable, and will allow us
to classify a large class of supergravity backgrounds.
In particular, we will be concerned with the so-called homogeneity theorem, which
states the following:
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Theorem (Homogeneity Theorem). All 10- and 11-dimsensional supergravity back-
grounds preserving N > 16 supersymmetries are locally Lorentzian homogeneous
spaces.
This is an absolutely crucial result for our analysis and was proven in [85], which
we will be following in our outline of the proof. Before we proceed though, we should
clarify what the main statement entails. Homogeneity in this context means that
there is a Lie group acting transitively11 on the spacetime and preserving all the
bosonic fields present in the background, e.g. the metric and fluxes. However, the
truly relevant notion for our purposes is that of local homogeneity, i.e. at the level of
the Lie algebra, since all our computations are performed locally. This translates to
the Killing vectors spanning the tangent space at every point and leaving the bosonic
fields invariant, in the sense that their Lie derivatives with respect to any of these
isometries vanish.
1.3.1 Outline of the proof
From a mathematical persepective, the main ingredients of a supergravity back-
ground are a Lorentzian spin manifold (M, g) and a spinor bundle S → M with a
connection D, which depends on the bosonic fields (contracted into Clifford algebra
operators) of the particular theory. S is a vector bundle associated with a representa-
tion S of the spin group. The tangent bundle TM is the vector bundle associated to
the vector representation V of the orthogonal group corresponding to the spin group.
A Killing spinor is then defined as a section of S which is parallel with respect to
the supercovariant connection D. In line with how we introduced Killing spinors in
section 1.2.2, this corresponds to setting the supersymmetry variaton of the gravitino
equal to zero. Depending on the background in question, there might be additional
algebraic Killing spinor equations arising from the variation of additional fermionic
fields, e.g. the dilatino. We note that the Killing spinor equations are linear, so the
Killing spinors form a vector space which we shall denote by K. As the KSEs are at
most first order in the derivatives, a Killing spinor is specified by its value at a point
p ∈M . Therefore, having chosen a point p, the vector space K can be regarded as a
subspace of the fibre Sp, which in turn can be identified with the representation S.
11A Lie group G acts transitively on a manifold M , if it only possesses a single group orbit. More
concretely, ∀x, y ∈M there is a group element g ∈ G that satisfies gx = y.
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In that sense, the space of Killing spinors K is a vector subspace of S.
Probably one of the most important features in analysing supergravity back-
grounds is the fact that given a spin invariant, real valued inner product 〈·, ·〉S on S
and some Killing spinors 1, 2 ∈ K, bilinears of the form
〈1,ΓM2〉S eM (1.3.1)
are Killing vectors, where eM (M = 1, ... dimM − 1) is a basis of TpM . With that in
mind, in order to prove the homogeneity theorem, we have to show that these Killing
spinor bilinears span the tangent space TpM at every point, if there are more than
16 = 1
2
dimS of them, i.e.
ω : S × S → TpM , (ψ1, ψ2) 7→ ω(ψ1, ψ2) = 〈ψ1,ΓMψ2〉S eM (1.3.2)
restricted to K is onto TpM , if dimK >
1
2
dimS. To proceed, we assume that ω|K
is not onto, then there exists a vector n ∈ S, n 6= 0 such that
nM〈1,ΓM 2〉S = 0 ∀1, 2 ∈ K , (1.3.3)
so n is orthogonal to the image of ω|K . We may now take the point of view that /n
defines a linear map /n : K → K⊥, taking Killing spinors and mapping them to K⊥,
the orthognal complement of K in S with respect to the inner product 〈·, ·〉S. Let
us first consider the case that n is space-like or time-like, that is n2 6= 0. Then, as
/n2 = n2 1 6= 0 , (1.3.4)
/n has trivial kernel and as such is an injection. However, this leads to a contradiction
with our assumption that dimK > 1
2
dimS, and since dimK + dimK⊥ = dimS, /n
cannot be one-to-one. Hence ω|K must be onto.
All that remains to consider is the case that n is null, for which the proof depends
on the explicit form of the inner product 〈·, ·〉S of a particular supergravity theory.
The argument in all cases is very similar though, and so we shall illustrate the
general idea in the framework of 11-dimensional supergravity for definiteness. In 11
dimensions, S is the 32-dimensional Majorana representation of Spin(10, 1) and we
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can choose ω to be
ω(ψ1, ψ2) = 〈ψ1,Γ0ΓMψ2〉 eM , (1.3.5)
with ψ1/2 ∈ S and eM a pseudo-orthonormal frame onM defined by ds2 = ηMNeMeN .
The inner product on the space of spinors is defined by
〈ψ1,Γ0ψ2〉 = ψ†1Γ0ψ2 . (1.3.6)
Taking X := ω(, ) = 〈,Γ0ΓM〉 eM for  ∈ K, observe that this has a non-vanishing
component along e0
X0 = 〈,Γ0Γ0〉 = − ‖  ‖2< 0 . (1.3.7)
Therefore X is either null or time-like, since if X were space-like, one could perform a
Lorentz transformation such that X0 = 0. If n in eqn. (1.3.3) is null, the orthogonal
complement of the image of ω|K is a totally null subspace of TpM . As the tangent
space is Lorentzian, any such subspace is at most one-dimensional and must be
spanned by n. Without loss of generality, let us choose a basis {e+, e−, ei} of TpM
such that n = e+. Thus, the image of ω|K is spanned by e+ and ei. Now, as eqn.
(1.3.7) implies that for all  ∈ K, ω(, ) cannot be space-like, this must lie along
e+, i.e. ω(, ) = α() e+, for some function α : K → R. Note that ω is a symmetric
bilinear map and as such satisfies the polarisation identity which gives
ω(1, 2) =
1
2
(ω(1 + 2, 1 + 2)− ω(1, 1)− ω(2, 2))
=
1
2
(α(1 + 2)− α(1)− α(2)) e+ . (1.3.8)
Hence, we find that the image of ω|K is contained in the linear null subspace spanned
by e+. This, however, is a contradiction again, since we assumed that the original
complement of the image of ω|K is one dimensional and spanned by n = e+. There-
fore, ω|K must be onto and the homogeneity theorem holds.
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1.4 Killing Superalgebras
Having established that backgrounds preserving N > 16 supersymmetries are homo-
geneous spaces, this naturally raises the question which Lie groups or, since we are
always working locally, which Lie algebras act on the spacetime. This leads us to
the notion of a Killing superalgebra (KSA) in this section.
The Killing spinors, and their associated Killing vectors, from taking bilinears,
form a representation of a residual (global) supersymmetry algebra, superalgebra
for short, of the background. A (Lie) superalgebra is a Z2-graded algebra g =
g0 ⊕ g1 consisting of two vector subspaces, the even g0, a Lie subalgebra, and the
odd subspace g1, a representation of g0 [86]. If X, Y, Z ∈ g with grading x, y, z, the
bracket [·, ·]g is defined as
[X, Y ]g := XY − (−1)xy Y X , (1.4.1)
and it satisfies the super-Jacobi identity
[[X, Y ]g, Z]g + (−1)z(x+y) [[Z,X]g, Y ]g + (−1)x(y+z) [[Y, Z]g, X]g = 0. (1.4.2)
If both generators in (1.4.1) are fermionic (odd), this becomes an anti-commutator
{·, ·}; in all other cases, the bracket [·, ·]g is just the usual commutator [·, ·]. Specif-
ically, in the case of a Killing superalgebra [87, 88], the odd subspace g1 is spanned
by Qm , where every fermionic generator is associated with a linearly independent
Killing spinor m m = 1, ..., N of the background. Analogously, the bosonic genera-
tors VKmn span g0, where each of them is associated with a Killing spinor bilinear of
the form
Kmn := 〈m,ΓMn〉S eM = Knm . (1.4.3)
As in section 1.3, 〈·, ·〉S denotes a suitable spin invariant inner product on the space of
spinors, such that the last equality in (1.4.3) holds; usually we will take 〈(Γ+−Γ−)·, ·〉
or the real part thereof. The brackets are computed geometrically
{Qm , Qn} = VKmn , [VKmn , Qp ] = QLKmnp , [VKmn , VKpq ] = V[Kmn,Kpq ], (1.4.4)
where [Kmn, Kpq] denotes the usual Lie bracket of vector fields and the spinorial Lie
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derivative with respect to a vector field V is defined as
LV  = ∇V + 1
8
dVMN Γ
MN  . (1.4.5)
Closure of the KSAs in 11-dimensional and IIB SUGRA has been verified in [89,90]
and it is expected that the KSAs in all supergravity theories satisfy the super-Jacobi
identity.
For what follows, we will outline the main results in [91, 92], where the authors
classified the Killing superalgebras of all warped AdSn, n > 2 backgrounds. Let g be
the KSA of a warped AdSn background. Calculating bilinears of the form (1.4.3),
one finds that the bosonic subalgebra of g contains so(n− 1, 2) corresponding to the
isometries of AdSn, as is to be expected. One may further suspect that the bosonic
subalgebra decomposes12 into a direct sum of the isometries of AdSn, and those on the
transverse space t0 as g0 = so(n− 1, 2)⊕ t0. However, this does not necessarily have
to be the case. For instance, consider what would happen, if we did not require the
transverse space be compact. Following the argument at the end of section 1.2.2, an
AdSn×wMD−n solution may be rewritten as an AdSk×wRn−k×wMD−n background
with k < n. Since generally one cannot write so(n−1, 2) = so(k−1, 2)⊕h for some Lie
algebra h, a decomposition into a direct sum of isometries on AdSk and those on the
transverse space is not possible from the perspective of the lower dimensional AdSk
subspace. We also pointed out in section 1.2.2 that in order to avoid these “fake”
vacua, one should really consider closed, i.e. compact without boundary, transverse
spaces. Indeed, it is this assumption together with a Hopf maximum principle type
argument, like the one following eqn. (3.3.19), that implies
〈σ′+,Γizσ+〉 = 0 , 〈τ+,Γizσ+〉 = 0 , ‖ σ+ ‖= const. , ‖ τ+ ‖= const. , (1.4.6)
for all Killing spinors σ+, σ
′
+ and τ+. Note that for n > 3, spinors of type τ+ can
be generated from the σ+, which renders some of the above conditions redundant.
Furthermore, the algebraic KSE implies that σ+ and τ+ are orthogonal (cf. eqn.
(2.2.23))
〈τ+, σ+〉 = 0 , (1.4.7)
12This is actually only true for n > 3. AdS3 is locally a group manifold and thus the algebra
decomposes into left and right superalgebras gL ⊕ gR corresponding to the left and right action.
We will get back to this point.
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and one may construct a Killing spinor bilinear W along the internal manifold, such
that
LWA = 0 , ∇iWj +∇jWi = 0 , (1.4.8)
where ∇ denotes the Levi-Civita connection on MD−n. The latter means that the
warp factor A is invariant under the entire bosonic subalgebra g0 and W is Killing on
the transverse space. One may then proceed to show that these conditions guarantee
that the Killing spinor bilinears split into components along AdSn and the internal
manifold MD−n, which mutually commute and are independently Killing. Therefore,
one finds the aforementioned decomposition
g0 = so(n− 1, 2)⊕ t0 , (1.4.9)
as a consequence of the transverse space being compact without boundary. Equiva-
lently, one could also simply assume that the KSA of the background decomposes in
this fashion to exclude “fake” vacua.
Let us first consider AdSn backgrounds with n > 3. Since the KSEs have been
explicitly solved along the AdS factor, and so the Killing spinors’ explicit dependence
on the coordinates of the AdS subspace is known, one may directly calculate the
brackets
{g1, g1} = so(n− 1, 2)⊕ t0 , [so(n− 1, 2), g1] ⊆ g1 . (1.4.10)
One might expect the commutator [t0, g1] to be the trickiest to compute, as one
would need knowledge of the underlying geometry of the transverse space. Quite re-
markably, this turns out not to be the case, and the super-Jacobi identity completely
fixes both [t0, g1] as well as the last remaining bracket [t0, t0]. However, we shall not
dwell on how these are explicitly obtained, and refer the curious reader to [91] for the
nitty gritty details. The results are displayed in table 1.2. Most importantly for our
analysis in chapters 2 and 3, we would like to point out that in order for the KSA
to be closed, the isometry algebra t0 has to act (almost) effectively on the transverse
space MD−n. A Lie group acts (almost) effectively on a manifold, if the only group
element that leaves a point invariant is the identity or, for an almost effective ac-
tion, an element in the centre of the Lie group. At the level of the Lie algebra this
translates to every generator being mapped to a non-trivial Killing vector field on
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Table 1.2: Killing superalgebras of warped AdSn (n > 3) backgrounds preserving N su-
persymmetries in D = 10, 11 supergravity. f∗(4) denotes a different real form of f(4) which
appears in the AdS3 case. The real form of the KSA is completely determined by the real
form of the bosonic subalgebra g0 = so(n− 1, 2)⊕ t0.
N
AdS4 AdS5 AdS6 AdS7
g t0 g t0 g t0 g t0
4 osp(1|4) {0} 7 7 7 7 7 7
8 osp(2|4) so(2) sl(1|4) u(1) 7 7 7 7
12 osp(3|4) so(3) 7 7 7 7 7 7
16 osp(4|4) so(4) sl(2|4) u(2) f∗(4) so(3) osp(6, 2|2) so(3)
20 osp(5|4) so(5) 7 7 7 7 7 7
24 osp(6|4) so(6) sl(3|4) u(3) 7 7 7 7
28 osp(7|4) so(7) 7 7 7 7 7 7
32 osp(8|4) so(8) sl(4|4)/18×8 su(4) 7 7 osp(6, 2|4) so(5)
the manifold.
Finally, we would like to focus on the somewhat more subtle case of AdS3 back-
grounds. First of all, we note that AdS3 is locally a group manifold and so the KSA
g decomposes into left and right superalgebras g = gL ⊕ gR with [gL, gR]g = 0. We
choose to associate the left superalgebra with the σ+ spinors and the right super-
algebra with the τ+ spinors, resepectively. Since these are independent, and results
obtained for gL will also apply to gR, we shall focus on the left superalgebras for
what follows. Starting with the minimal case of N = 2 real supercharges, one finds
that
{QA, QB} = VAB , [VAB, QC ] = −1
`
(CAQB + CBQA) , (1.4.11)
where A,B = 1, 2. The VAB are the generators of g0 = so(1, 2) and the QA are
fermionic generators corresponding to the Killing spinors σ±. There are no Killing
spinor bilinears along the transverse space, i.e. the isometry algebra is t0 = {0}. All
in all, we conclude that this KSA is isomorphic to osp(1|2). Next, consider the case
of N = 2k preserved supersymmetries, k being the number of linearly independent
σ+ type spinors. Similarly to the analysis of higher dimensional AdS backgrounds,
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we can perform the following calculations explicitly
{QAr, QBs} = VABδrs + ABV˜rs , [VAB, QCr] = −1
`
(CAQBr + CBQAr) , (1.4.12)
with r, s = 1, ..., k and V˜rs ∈ t0. Again the isometries of the internal space acting on
the supercharges turns out to be the key bracket to compute. Since the spinorial Lie
derivative with respect to the isometries of the transverse space does not affect the
dependence of the Killing spinors on the coordinates of AdS3, one finds
[V˜rs, QAt] = −1
`
(δrtQAs − δstQAr) + 1
`
αrst
uQAu , (1.4.13)
where the structure constants αrst
u still need to be determined. The super-Jacobi
identity together with the inner product of the σ+ spinors being invariant under the
isometries of the transverse space
〈LV˜ σr+, σs+〉+ 〈σr+,LV˜ σs+〉 = 0 , (1.4.14)
imply that α is a 4-form. One can then further show that α is invariant under the
representation D of t0 acting on the supercharges in g1 as
D(V˜rs)QAt := [V˜rs, QAt] . (1.4.15)
The KSA g may have central terms cL := {V˜ ∈ t0|D(V˜ ) = 0}, however the centre
is trivial apart from one case where it can be at most 3-dimensional, cf table 1.2.
In order to identify possible representations D, we take two vectors u, v ∈ RN2 and
contract them into V˜rs, which yields an element R(u, v) = u
rvs V˜rs ∈ t0 generating
SO(2) rotations in the plane spanned by u and v. To see thatR(u, v) indeed generates
rotations, note that
D(R(u, v))(w ·QA) = [urvs V˜rs, wtQAt] = −1
`
((u · w)vr − (v · w)ur)QAr , (1.4.16)
where w lies in the plane spanned by u, v so that α(u, v, w, ·) = 0. Since these
SO(2) rotations act transitively on the 2-plane, and one can repeat this argument
for arbitrary u, v ∈ RN2 , it follows that t0 acts transitively (and almost effectively
so the super-Jacobis are satisfied) on S
N
2 ⊂ RN2 . Lie groups acting transitively and
effectively on spheres have been classified in [93] and have been used in the context of
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Table 1.3: Killing superalgebras of warped AdS3 backgrounds in D = 10, 11 supergravity.
NL denotes the number of left supersymmetries.
NL gL/cL (tL)0/cL dim cL
2n osp(n|2) so(n) 0
4n, n > 2 sl(n|2) u(n) 0
8n, n > 1 osp(4|2n) sp(n)⊕ sp(1) 0
16 f(4) spin(7) 0
14 g(3) g2 0
8 D(2, 1, α) so(3)⊕ so(3) 0
8 sl(2|2)/14×4 su(2) ≤ 3
the Berger classification of irreducible simply connected Riemannian manifolds [94].
The resulting possible KSAs for warped AdS3 backgrounds that the authors of [91]
obtained have been tabulated in table 1.3.
The AdS2 Killing superalgebras may be identified with the left superalgebras gL
in the AdS3 case [92].
1.5 Homogeneous Spaces
In the following section, we shall collect some useful properties of homogeneous spaces
which have facilitated our analysis of the AdS backgrounds in chapters 2 and 3. A
more detailed review can be found in e.g. [95,96].
Consider the left coset spaceM = G/H, whereG is a compact connected semisim-
ple Lie group G which acts effectively from the left on M = G/H and H is a closed
Lie subgroup of G. Let us denote the Lie algebras of G and H with g and h, respec-
tively. As there is always an invariant inner product on g, it can be used to take the
orthogonal complement of h in g and so
g = h⊕m . (1.5.1)
Denote the generators of h by hα, α = 1, 2, ..., dim h and a basis in m as mA, A =
1, ..., dim g−dim h. In this basis, the brackets of the Lie algebra g take the following
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form
[hα, hβ] = fαβ
γ hγ , [hα,mA] = fαA
BmB ,
[mA,mB] = fAB
CmC + fAB
α hα . (1.5.2)
If fAB
C = 0, that is [m,m] ⊂ h, the space is symmetric.
Let g : U ⊂ G/H → G be a local section of the coset. The decomposition of the
Maurer-Cartan form in components along h and m is
g−1dg = `AmA + Ωα hα , (1.5.3)
which defines a local left-invariant frame `A and a canonical left-invariant connection
Ωα on G/H. The curvature and torsion of the canonical connection are
Rα ≡ dΩα + 1
2
fβγ
αΩβ ∧ Ωγ = −1
2
fBC
α`B ∧ `C ,
TA ≡ d`A + fβCAΩβ ∧ `C = −1
2
fBC
A`B ∧ `C , (1.5.4)
respectively, where the equalities follow after taking the exterior derivative of (1.5.3)
and using (1.5.2). If G/H is symmetric, then the torsion vanishes.
A left-invariant p-form ω on G/H can be written as
ω =
1
p!
ωA1...Ap `
A1 ∧ ... ∧ `Ap , (1.5.5)
where the components ωA1...Ap are constant and satisfy
fα[A1
B ωA2...Ap]B = 0 . (1.5.6)
The latter condition is required for invariance under the right action of H on G. All
left-invariant forms are parallel with respect to the canonical connection.
It remains to describe the metrics of G/H, which are left-invariant. These are
written as
ds2 = gAB `
A`B , (1.5.7)
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where the components gAB are constant and satisfy
fαA
C gBC + fαB
C gAC = 0 . (1.5.8)
For symmetric spaces, the canonical connection coincides with the Levi-Civita con-
nection of the invariant metrics. So all non-vanishing left-invariant forms are har-
monic and represent non-trivial elements in the de Rham cohomology of G/H. How-
ever, if G/H is strictly homogeneous, this is not the case, since the canonical con-
nection has non-vanishing torsion.
Suppose G/H is homogeneous and equipped with an invariant metric g. To
describe the results in this thesis, we require the Levi-Civita connection of g and its
curvature. Let Φ be the Levi-Civita connection in the left-invariant frame. As the
difference of two connections is a tensor, we set
ΦAB = Ω
αfαB
A + `CQC,
A
B . (1.5.9)
As Φ is metric and torsion free, we have
ΦAB + ΦBA = 0 ,
d`A + ΦAB ∧ `B = 0 . (1.5.10)
These equations can be solved for Q to find that
ΦAB = Ω
α fαB
A +
1
2
(
gAD fDB
E gCE + g
AD fDC
E gBE − fBCA
)
`C . (1.5.11)
In turn, the Riemann curvature 2-form RAB is
RAB =
1
2
(
QC,
A
E QD,
E
B −QD,AE QC,EB −QE,AB fCDE − fCDα fαBA
)
`C ∧ `D .
(1.5.12)
This is required for the investigation of the gravitino KSE. Note that the expression
for ΦAB is considerably simplified whenever the coset space is naturally reductive,
because in that case the structure constants fABC = fAB
E gCE are skew symmetric.
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AdS4 Backgrounds with N > 16 Supersymmetries in
10 and 11 Dimensions
In this chapter, we explore all warped AdS4 ×w MD−4 backgrounds with the most
general allowed fluxes that preserve more than 16 supersymmetries in D = 10- and
11-dimensional supergravities. Assuming that either the internal space MD−4 is com-
pact without boundary or that the isometry algebra of the background decomposes
into that of AdS4 and that of M
D−4, we find that there are no such backgrounds in
IIB supergravity. Similarly in IIA supergravity, there is a unique such background
with 24 supersymmetries locally isometric to AdS4 × CP3, and in D = 11 super-
gravity all such backgrounds are locally isometric to the maximally supersymmetric
AdS4×S7 solution. This work was conducted in collaboration with Alexander Haupt
and George Papadopoulos and was published in [8].
2.1 Introduction
AdS backgrounds in 10 and 11 dimensions that preserve N supersymmetries with
N > 16 have found widespread applications both in supergravity compactifications
and in the AdS/CFT correspondence, for reviews see [5, 64] and references therein.
One of the features of such backgrounds in AdS/CFT [1] is that the CFT R-symmetry
group acts transitively on the internal space of the solution and this can be used to
establish the dictionary between some of the operators of the CFT and spacetime
Kaluza-Klein fields [2]. Therefore the question arises whether it is possible to find
all such AdS solutions. Despite the progress that has been made over the years,
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a complete description of all AdS solutions that preserve N > 16 supersymmetries
remained an open problem until recently [8, 9, 92,97,98].
There have been several significant developments which facilitated progress in this
direction for a large class of warped flux AdS solutions. In [75–77], the Killing spinor
equations (KSEs) of supergravity theories have been solved in all generality and the
fractions of supersymmetry preserved by all warped flux AdS backgrounds have been
identified. Furthermore, global analysis techniques have also been introduced in the
investigation of AdS backgrounds which can be used to a priori impose properties like
the compactness of the internal space and the smoothness of the fields. Another key
development was the proof of the homogeneity theorem (cf. section 1.3) [85] which
for the special case of AdS backgrounds states that all such backgrounds preserving
N > 16 supersymmetries are Lorentzian homogeneous spaces.
The maximally supersymmetric AdS backgrounds1 have been classified in [83] and
it has been found that they are locally isometric to the AdS4×S7 [99] and AdS7×S4
[100] solutions of 11-dimensional supergravity, and to the AdS5 × S5 solution of IIB
supergravity, see [48] and comment within. There are no AdS7 backgrounds that
preserve 16 < N < 32 supersymmetries [75–77] and no smooth AdS6 backgrounds
that preserve N > 16 supersymmetries with compact without boundary internal
space [98]. More recently, it has been demonstrated under the same assumptions
on the internal space that there are no smooth AdS5 backgrounds that preserve
16 < N < 32 [97]; see [101–103] for applications to AdS/CFT. Moreover, it has been
shown in [92] that there are no smooth AdS2 backgrounds in 10- and 11-dimensional
supergravities with compact without boundary internal space that preserve N > 16
supersymmetries. Product solutions AdSn ×MD−n with MD−n a symmetric space
have been classified in [104–107]. Furthermore the geometry of all heterotic AdS3
backgrounds has been investigated in [108] and it has been found that there are no
solutions that preserve N > 8 supersymmetries.
The main task in this chapter is to describe all warped AdS4 backgrounds that
admit the most general fluxes in 10 and 11 dimensions and preserve more than 16
supersymmetries. It has been shown in [75–77] that such backgrounds preserve 4k
supersymmetries. Therefore, we shall investigate the backgrounds preserving 20, 24
and 28 as those with 32 supersymmetries have already been classified in [83]. In
particular, we find that
1The maximally supersymmetric AdS backgrounds are of the type considered previously in [4].
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• IIB and massive IIA supergravity do not admit AdS4 solutions with N > 16
supersymmetries.
• Standard IIA supergravity admits a unique solution up to an overall scale
preserving 24 supersymmetries, locally isometric to the AdS4×CP3 background
of [109].
• All AdS4 solutions of 11-dimensional supergravity that preserve N > 16 super-
symmetries are locally isometric to the maximally supersymmetric AdS4 × S7
solution of [4, 99].
These results have been established under certain assumptions2. We begin with
a spacetime which is a warped product AdS4×wMD−4, for D = 10 or 11, and allow
for all fluxes which are invariant under the isometries of AdS4. Then we shall assume
that
1. either the solutions are smooth and MD−4 is compact without boundary
2. or that the even part of the Killing superalgebra of the background decomposes
as a direct sum so(3, 2) ⊕ t0, where so(3, 2) is the Lie algebra of isometries of
AdS4 and t0 is the Lie algebra of the isometries of M
D−4.
It has been shown in [91] that for all AdS backgrounds, the first assumption implies
the second. In addition for N > 16 AdS4 backgrounds
3, the second assumption
implies the first. This is because t0 is the Lie algebra of a compact group and all
internal spaces are compact without boundary. Smoothness also follows from only
considering invariant solutions.
The proof of the main statement of this chapter is firstly based on the results
of [75–77] that the number of supersymmetries preserved by AdS4 backgrounds are
N = 4k and so the solutions under consideration preserve 20, 24, 28 and 32 su-
persymmetries. Then the homogeneity theorem of [85] implies that all such back-
grounds are Lorentzian homogeneous spaces. Moreover, it has been shown in [91]
under the assumptions mentioned above that the Killing superalgebra of warped
2Some assumptions are necessary to exclude the possibility that a warped AdS4 background is
not locally isometric to an AdSn background with n > 4. This has been observed in [110] and
explored in the context of KSEs in [80].
3In what follows, we use “N > 16 AdS backgrounds” instead of “AdS backgrounds that preserve
N > 16 supersymmetries” for short.
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AdS4 backgrounds preserving N = 4k supersymmetries is isomorphic to osp(N/4|4),
see also [111], and that the even subalgebra osp(N/4|4)0 = so(3, 2) ⊕ so(N/4) acts
effectively on the spacetime, with t0 = so(N/4) acting on the internal space. Thus,
together with the homogeneity theorem osp(N/4|4)0 acts both transitively and ef-
fectively on the spacetime. Then we demonstrate in all cases that the warp fac-
tor A is constant. As a result all N > 16 AdS4 backgrounds are product spaces
AdS4 ×MD−4. So the internal space MD−4 is a homogeneous space, MD−4 = G/H,
and LieG = so(N/4). Therefore, we have demonstrated the following,
• The internal spaces of AdS4 backgrounds that preserve N > 16 supersymme-
tries are homogeneous spaces admitting a transitive and effective action of a
group G with LieG = so(N/4).
Having established this, one can use the classification of [112–115] to identify all
the 6- and 7-dimensional homogeneous spaces that can occur as internal spaces for
N > 16 AdS4 backgrounds, see also tables
4 2.1 and 2.3. Incidentally, this also means
that if N > 16 backgrounds were to exist, the R-symmetry group of the dual CFT
would have to act transitively on the internal space of the solution.
With regards to the classification of 6-dimensional homogeneous spaces G/H in
table 2.1, one finds that the a priori possible candidates for internal spaces of AdS4
backgrounds with N > 16 in 10 dimensions are
Spin(7)/Spin(6) (N = 28) , SU(4)/S(U(1)× U(3)) (N = 24) ,
Sp(2)/U(2) (N = 20) , Sp(2)/(Sp(1)× U(1)) (N = 20) , (2.1.1)
where N denotes the expected number of supersymmetries that can be preserved by
the background, and we always take G to be simply connected. Observe that there
are no maximally supersymmetric AdS4 solutions in 10-dimensional supergravities
in agreement with the results of [83]. The proof of our result in IIB supergravity is
based on a cohomological argument and does not use details of the 6-dimensional
homogeneous spaces involved. However in (massive) IIA supergravity, one has to con-
sider details of the geometry of these coset spaces. Solutions with strictly N = 28
4These tables list the simply connected homogeneous spaces. This suffices for our purpose
because we are investigating the geometry of the backgrounds up to local isometries. As so(N/4)
is simple the universal cover of G/H with Lie(G) = so(N/4) is compact and homogeneous, see
e.g. [116]. So the internal space can be identified with the universal cover G˜/H˜ of G/H for which
G˜ can be chosen to be simply connected.
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and N = 20 supersymmetries are ruled out after a detailed analysis of the KSEs
and dilaton field equation. In standard IIA supergravity there is a solution with
24 supersymmetries and an internal space locally isometric to the symmetric space
SU(4)/S(U(1) × U(3)) = CP3. This solution has already been found in [109]. The
homogeneous space Sp(2)/Sp(1) × U(1), which is diffeomorphic to CP3, also gives
rise to a solution in a special region of the moduli space of parameters. This solu-
tion admits 24 supersymmetries and is locally isometric to that with internal space
SU(4)/S(U(1)× U(3)).
The classification of 7-dimensional homogeneous spaces G/H in table 2.3 reveals
that possible candidates for internal spaces of N > 16 AdS4 backgrounds in 11
dimensions are
Spin(8)/Spin(7) (N = 32) , Spin(7)/G2 (N = 28) , SU(4)/SU(3) (N = 24) ,
Sp(2)/Sp(1)max (N = 20) , Sp(2)/∆(Sp(1)) (N = 20) ,
Sp(2)/Sp(1) (N = 20) , (2.1.2)
where Sp(1)max and ∆(Sp(1)) denote the maximal and diagonal embeddings of Sp(1)
in Sp(2), respectively, and G is chosen to be simply connected. It is known that
there is a maximally supersymmetric solution AdS4 × S7 with internal space S7 =
Spin(8)/Spin(7) [4, 99]. After a detailed investigation of the geometry of the above
homogeneous spaces, the solutions of the KSEs and the warp factor field equation,
one can also show that the rest of the coset spaces do not give solutions with strictly
20, 24 and 28 supersymmetries. However, as the homogeneous spaces Spin(7)/G2,
SU(4)/SU(3) and Sp(2)/Sp(1) are diffeomorphic to S7, there is a region in the
moduli space of their parameters which yields the maximally supersymmetric AdS4×
S7 solution.
This chapter is organised as follows. In section 2.2, we show that there are no IIB
N > 16 AdS4 ×w M6 solutions. In section 2.3, we show that up to an overall scale
there is a unique solution in IIA supergravity that preserves 24 supersymmetries. In
section 2.4, we demonstrate that all N > 16 AdS4 backgrounds of 11-dimensional
supergravity are locally isometric to the maximally supersymmetric AdS4 × S7 so-
lution. In section 2.5 we state our conclusions. Our conventions may be found in
appendix A. Details of the geometry of homogeneous spaces admitting a transitive
action of one of the groups with Lie algebra su(k) or so(5) = sp(2) are outlined in
appendices B, C and D.
56
Chapter 2. AdS4 Backgrounds with N > 16 Supersymmetries in 10 and 11
Dimensions
2.2 N > 16 AdS4 ×w M 6 solutions in IIB
To investigate IIB AdS4 backgrounds, we shall use the approach and notation of [76]
where Bianchi identities, field equations and KSEs are first solved along the AdS4
subspace of AdS4 ×w M6 and then the remaining independent conditions along the
internal space M6 are identified. The bosonic fields of IIB supergravity are the
metric, a complex 1-form field strength P , a complex 3-form field strength G and a
real self-dual 5-form F . Imposing the symmetry of AdS4 on the fields, one finds that
the metric and form field strengths are given by
ds2 = 2du(dr + rh) + A2(dz2 + e2z/`dx2) + ds2(M6) ,
G = H, P = ξ, F = A2ez/`du ∧ (dr + rh) ∧ dz ∧ dx ∧ Y + ∗6Y , (2.2.1)
where the metric has been written as a near-horizon geometry [66] with
h = −2
`
dz − 2A−1dA . (2.2.2)
The warp factor A is a function on the internal manifold M6, H is the complex
3-form on M6, ξ is a complex 1-form on M6 and Y is a real 1-form on M6. The
AdS4 coordinates are (u, r, z, x) and we introduce the null orthonormal frame
e+ = du , e− = dr + rh , ez = Adz , ex = Aez/` dx , ei = eiI dy
I , (2.2.3)
where ds2(M6) = δije
iej. All gamma matrices are taken with respect to this null
orthonormal frame.
The Bianchi identities along M6 which are useful in the analysis that follows are
d(A4Y ) = 0, dH = iQ ∧H − ξ ∧H,
∇iYi = − i
288
i1i2i3j1j2j3Hi1i2i3Hj1j2j3 ,
dQ = −iξ ∧ ξ¯ , (2.2.4)
where Q is the pull-back of the canonical connection of the upper-half plane on the
spacetime with respect to the dilaton and axion scalars of IIB supergravity. Similarly,
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the field equations of the warp factor is
A−1∇2A = 4Y 2 + 1
48
Hi1i2i3H
i1i2i3 − 3
`2
A−2 − 3A−2(dA)2 , (2.2.5)
and those of the scalar and 3-form fluxes are
∇iξi = −3∂i logAξi + 2iQiξi − 1
24
H2 ,
∇iHijk = −3∂i logAHijk + iQiHijk + ξiH ijk . (2.2.6)
The full set of Bianchi identities and field equations can be found in [76]. Note in
particular that (2.2.5) implies that if A and the other fields are smooth, then A is
nowhere vanishing on M6.
2.2.1 The Killing spinors
After solving the KSEs along AdS4, the Killing spinors of the background can be
written as
 =σ+ − `−1xΓxzτ+ + e− z` τ+ + σ− + e z` (τ− − `−1xΓxzσ−)
− `−1uA−1Γ+zσ− − `−1rA−1e− z` Γ−z τ+ , (2.2.7)
where we have used the light-cone projections
Γ±σ± = 0 , Γ±τ± = 0 , (2.2.8)
and σ± and τ± are Spin(9, 1) Weyl spinors depending only on the coordinates of M6.
The remaining independent KSEs are
∇(±)i σ± = 0 , ∇(±)i τ± = 0 , (2.2.9)
and (
1
24
/H + /ξC∗
)
σ± = 0 ,
(
1
24
/H + /ξC∗
)
τ± = 0 , (2.2.10)
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as well as
Ξ(±)σ± = 0 ,
(
Ξ(±) ± 1
`
)
τ± = 0 , (2.2.11)
where
∇(±)i = ∇i ±
1
2
∂i logA− i
2
Qi ∓ i
2
/ΓY iΓxz ±
i
2
YiΓxz
+
(
− 1
96
/ΓH i +
3
32
/H i
)
C∗ , (2.2.12)
Ξ(±) = ∓ 1
2`
− 1
2
Γz /∂A± i
2
AΓx /Y +
1
96
AΓz /HC∗ , (2.2.13)
and C∗ is the charge conjugation matrix followed by standard complex conjugation.
For further explanation of the notation see appendix A. Equations (2.2.9) and (2.2.10)
can be thought of as the naive restriction of gravitino and dilatino KSEs of IIB
supergravity on M6, respectively. The equations (2.2.11) are algebraic and arise as
integrability conditions of the integration of the IIB KSEs over the AdS4 subspace
of the background. We do not assume that the Killing spinors factorize as Killing
spinors on AdS4 and Killing spinors on the internal manifold. It has been observed
in [76] that if σ+ is a Killing spinor, then
τ+ = Γzxσ+ , σ− = AΓ−zσ+ , τ− = AΓ−xσ+ , (2.2.14)
are also Killing spinors. As a result AdS4 solutions preserve 4k supersymmetries.
2.2.2 The non-existence of N > 16 AdS4 solutions in IIB
Conditions on spinor bilinears
As it has already been mentioned, the two assumptions we have made in section 2.1
are equivalent for all IIB, (massive) IIA and 11-dimensional AdS4 backgrounds that
preserve N > 16 supersymmetries. Hence in what follows, we shall focus only on the
restrictions on the geometry of the spacetime imposed by the first assumption which
requires that the solutions are smooth and the internal space is compact without
boundary.
To begin our analysis, note that a consequence of the homogeneity theorem [85]
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for solutions which preserve N > 16 supersymmetries is that the IIB scalars are
constant which in turn implies
ξ = 0 . (2.2.15)
As Q is the pull-back of the canonical connection of the upper half plane with respect
to the scalars and these are constant, Q = 0 as well.
Setting Λ = σ+ + τ+ and after using the gravitino KSE (2.2.9), we find
∇i ‖ Λ ‖2= − ‖ Λ ‖2 A−1∇iA− iYi〈Λ,ΓxzΛ〉+ 1
48
Re〈Λ, /ΓH iC ∗ Λ〉 . (2.2.16)
Next, observe that the algebraic KSE (2.2.11) implies
1
48
/HC ∗ Λ = (A−1Γj∇jA+ iΓjΓxzYj)Λ + `−1A−1Γz(σ+ − τ+) , (2.2.17)
which, when substituted back into (2.2.16), yields
∇i ‖ Λ ‖2= 2`−1A−1Re〈τ+,Γizσ+〉 . (2.2.18)
However, the gravitino KSE (2.2.9) also implies that
∇i (ARe〈τ+,Γizσ+〉) = 0 . (2.2.19)
Thus, in conjunction with (2.2.18), we obtain
∇2 ‖ Λ ‖2 +2A−1∇iA∇i ‖ Λ ‖2= 0 . (2.2.20)
The Hopf maximum principle then implies that ‖ Λ ‖2 is constant, so (2.2.16) and
(2.2.18) give the conditions
− ‖ Λ ‖2 A−1∇iA− iYi〈Λ,ΓxzΛ〉+ 1
48
Re〈Λ, /ΓH iC ∗ Λ〉 = 0 , (2.2.21)
and
Re〈τ+,Γizσ+〉 = 0 , (2.2.22)
respectively. The above equation can equivalently be written as Re〈σ+,Γixσ+〉 = 0.
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The spinors σ+ and τ+ are linearly independent as can easily be seen from (2.2.11).
Moreover as a consequence of (2.2.22), they are orthogonal
Re〈τ+, σ+〉 = 0 . (2.2.23)
To see this take the real part of 〈τ+,Ξ(+)σ+〉−〈σ+, (Ξ(+)+`−1)τ+〉 = 0. The conditions
(2.2.19), (2.2.23) as well as ‖ Λ ‖ being constant can also be derived from the
assumption that the isometries of the background decompose into those of AdS4 and
those of the internal manifold [91].
The warp factor is constant and the 5-form flux vanishes
AdS4 backgrounds preserving 4k supersymmetries admit k linearly independent Killing
spinors σ+. For every pair of such spinors σ
1
+ and σ
2
+ define the bilinear
Wi = ARe〈σ1+,Γizσ2+〉 . (2.2.24)
Then the gravitino KSE (2.2.9) implies that
∇(iWj) = 0 . (2.2.25)
Therefore W is a Killing vector on M6.
Next consider the algebraic KSE (2.2.11) and take the real part of 〈σ1+,Ξ(+)σ2+〉−
〈σ2+,Ξ(+)σ1+〉 = 0 to find that
W i∇iA = 0 , (2.2.26)
where we have used (2.2.22).
Similarly, taking the real part of the difference 〈σ1+,ΓzxΞ(+)σ2+〉−〈σ2+,ΓzxΞ(+)σ1+〉 =
0 and after using the condition (2.2.23), we find
iWY = 0 . (2.2.27)
The conditions (2.2.26) and (2.2.27) are valid for all IIB AdS4 backgrounds. How-
ever if the solution preserves more than 16 supersymmetries, an argument similar to
the one used for the proof of the homogeneity theorem in [85] implies that the Killing
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vectors W span the tangent spaces of M6 at each point. As a result, we conclude
that
dA = Y = 0 . (2.2.28)
Therefore the warp factor A is constant and the 5-form flux F vanishes. So, the
background is merely a product AdS4 ×M6, and, as was pointed out in section 2.1,
M6 is one of the homogeneous spaces in (2.1.1).
Proof of the main statement
First of all, it has been shown in [117] that all IIB AdS backgrounds preserving
N ≥ 28 supersymmetries are locally isometric to the maximally supersymmetric
ones. As there is no maximally supersymmetric AdS4 background in IIB, we conclude
that AdS4 solutions which preserve N ≥ 28 supersymmetries do not exist.
To investigate the N = 20 and N = 24 cases, we substitute (2.2.28) into the
Bianchi identities and field equations to find that H is harmonic and
H2 = 0 . (2.2.29)
If H were real, this condition would have implied H = 0 and, in turn, would have
led to a contradiction. This is because the field equation for the warp factor (2.2.5)
cannot be satisfied. Thus, we can already exclude the existence of such backgrounds.
Otherwise for solutions to exist, M6 must be a compact, homogeneous, six di-
mensional Riemannian manifold whose de-Rham cohomology H3(M6) has at least
two generators and which admits a transitive and effective action of a group with
Lie algebra isomorphic to either so(6) or so(5) for N = 24 and N = 20, respec-
tively [91]. The homogeneous spaces that admit a transitive and effective action of
so(6) or so(5) = sp(2) have already been listed in (2.1.1) and none of them satisfy
these cohomology criteria. All compact homogeneous 6-manifolds have been classi-
fied in [114] and the complete list of the simply connected ones relevant here is given
in table 2.1. Therefore, we conclude that there are no AdS4 backgrounds preserving
N > 16 supersymmetries in IIB supergravity5.
5Note that the possibility of IIB AdS4×Z\G/H backgrounds preserving N > 16 supersymmetry
is also excluded, where Z is a discrete subgroup of G, as there are no IIB AdS4 × G/H local
geometries that preserve N > 16 supersymmetries.
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Table 2.1: 6-dimensional compact, simply connected, homogeneous spaces
M6 = G/H
(1) Spin(7)
Spin(6)
= S6, symmetric space
(2) G2
SU(3)
diffeomorphic to S6
(3) SU(4)
S(U(1)×U(3)) = CP
3, symmetric space
(4) Sp(2)
U(2)
, symmetric space
(5) Sp(2)
Sp(1)×U(1) diffeomorphic to CP
3
(6) SU(3)
Tmax
Wallach space
(7) SU(2)×SU(2)
∆(SU(2))
× SU(2)×SU(2)
∆(SU(2))
= S3 × S3
(8) SU(2)× SU(2)×SU(2)
∆(SU(2))
diffeomorphic to S3 × S3
(9) SU(2)× SU(2) diffeomorphic to S3 × S3
(10) SU(2)
U(1)
× SU(2)
U(1)
× SU(2)
U(1)
= S2 × S2 × S2
(11) SU(2)
U(1)
× Spin(5)
Spin(4)
= S2 × S4
(12) SU(2)
U(1)
× SU(3)
S(U(1)×U(2)) = S
2 × CP2
2.3 N > 16 AdS4 ×w M 6 solutions in (massive) IIA
To begin, let us summarise the solution of Bianchi identities, field equations and KSEs
for (massive) IIA AdS4 ×wM6 backgrounds as presented in [77], whose notation we
follow. The bosonic fields of (massive) IIA supergravity are the metric, a 4-form
field strength G, a 3-form field strength H, a 2-form field strength F , the dilaton Φ
and the mass parameter S of massive IIA dressed with the dilaton. Imposing the
symmetries of AdS4 on the fields, one finds that
ds2 = 2e+e− + (ez)2 + (ex)2 + ds2(M6) , G = Xe+ ∧ e− ∧ ez ∧ ex + Y ,
H = H , F = F, Φ = Φ , S = S , (2.3.1)
where ds2(M6) = δije
iej and the frame (e+, e−, ex, ez, ei) is defined as in (2.2.3).
Note that the fields H, F , Φ and S do not have a component along AdS4 and so
we use the same symbol to denote them and their component along M6. The warp
factor A, S and X are functions of M6, whereas Y , H and F are 4-form, 3-form
and 2-form fluxes on M6, respectively. The conditions imposed on the fields by the
Bianchi identities and field equations after solving along the AdS4 subspace can be
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found in [77]. Relevant to the analysis that follows are the Bianchi identities
dH = 0, dS = SdΦ , dY = dΦ ∧ Y +H ∧ F ,
dF = dΦ ∧ F + SH , d(A4X) = A4dΦ , (2.3.2)
and the field equations for the fluxes
∇2Φ = −4A−1∂iA∂iΦ + 2(dΦ)2 + 5
4
S2 +
3
8
F 2 − 1
12
H2 +
1
96
Y 2 − 1
4
X2 ,
∇kHijk = −4A−1∂kAHijk + 2∂kΦHijk + SFij + 1
2
F k`Yijk` ,
∇jFij = −4A−1∂jAFij + ∂jΦFij − 1
6
HjklYijkl ,
∇`Yijk` = −4A−1∂`AYijk` + ∂`ΦYijk` , (2.3.3)
along M6. Moreover, we shall use the field equation for the warp factor A and the
Einstein field equation along M6
∇2 logA = − 3
`2A2
− 4(d logA)2 + 2 ∂i logA∂iΦ + 1
96
Y 2 +
1
4
X2 +
1
4
S2 +
1
8
F 2 ,
R
(6)
ij = 4∇i∂j logA+ 4∂i logA∂j logA+
1
12
Y 2ij −
1
96
Y 2δij +
1
4
X2δij − 1
4
S2δij
+
1
4
H2ij +
1
2
F 2ij −
1
8
F 2δij − 2∇i∇jΦ , (2.3.4)
where ∇ and R(6)ij denote the Levi-Civita connection and the Ricci tensor of M6,
respectively.
2.3.1 The Killing spinor equations
The solution to the (massive) IIA supergravity KSEs along the AdS4 subspace can
again be written as (2.2.7), where now σ± and τ± are spin(9, 1) Majorana spinors
that satisfy the lightcone projections Γ±σ± = Γ±τ± = 0 and depend only on the
coordinates of M6. After the lightcone projections are imposed, σ± and τ± have 16
independent components. These satisfy the gravitino KSEs
∇(±)i σ± = 0 , ∇(±)i τ± = 0 , (2.3.5)
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the dilatino KSEs
A(±)σ± = 0 , A(±)τ± = 0 , (2.3.6)
and the algebraic KSEs
Ξ(±)σ± = 0 , (Ξ(±) ± 1
`
)τ± = 0 , (2.3.7)
where
∇(±)i = ∇i ±
1
2
∂i logA+
1
8
/H iΓ11 +
1
8
SΓi +
1
16
/FΓiΓ11 +
1
192
/Y Γi ∓ 1
8
XΓzxi ,
A(±) = /∂Φ + 1
12
/HΓ11 +
5
4
S +
3
8
/FΓ11 +
1
96
/Y ∓ 1
4
XΓzx ,
Ξ(±) = − 1
2`
+
1
2
/∂AΓz − 1
8
ASΓz − 1
16
A/FΓzΓ11 − 1
192
A/Y Γz ∓ 1
8
AXΓx . (2.3.8)
The first two equations arise from the naive restriction of the gravitino and dilatino
KSEs of the theory on σ± and τ±, respectively, while the last algebraic equation is
an integrability condition that arises from the integration of the IIA KSEs on AdS4.
As in the IIB case, the solutions of the above KSEs are related as in (2.2.14) and so
such backgrounds preserve 4k supersymmetries.
2.3.2 AdS4 solutions with N > 16 in IIA
Conditions on spinor bilinears
The methodology to establish conditions on the Killing spinor bilinears following
from our assumption that either the solutions are smooth and the internal space is
compact without boundary, or that the even subalgebra of the Killing superalgebra
decomposes as stated in section 2.1, is the same as that presented for IIB. However,
the formulae are somewhat different. Setting Λ = σ+ + τ+ and using the gravitino
KSE (2.3.5), one finds
∇i ‖ Λ ‖2= −∇i logA ‖ Λ ‖2 −1
4
S〈Λ,ΓiΛ〉 − 1
8
〈Λ, /ΓF iΓ11Λ〉 −
1
96
〈Λ, /ΓY iΛ〉 .(2.3.9)
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After multiplying the algebraic KSE (2.3.7) with Γiz, one gets
1
2`
〈Λ,Γiz(σ+ − τ+)〉 = −∇iA ‖ Λ ‖2 −A
4
S〈Λ,ΓiΛ〉 − A
8
〈Λ, /ΓF iΓ11Λ〉
− A
96
〈Λ, /ΓY iΛ〉 . (2.3.10)
Using this, one can rewrite (2.3.9) as
∇i ‖ Λ ‖2= 2
`A
〈τ+,Γizσ+〉 . (2.3.11)
On the other hand, the gravitino KSE (2.3.5) gives
∇i (A〈τ+,Γizσ+〉) = 0 . (2.3.12)
Therefore, taking the divergence of (2.3.11), one finds
∇2 ‖ Λ ‖2 +2∇i logA∇i ‖ Λ ‖2= 0 . (2.3.13)
Now, the Hopf maximum principle implies that ‖ Λ ‖2 is constant, which when
inserted back into (2.3.9) and (2.3.11) yields
−∇i logA ‖ Λ ‖2 −1
4
S〈Λ,ΓiΛ〉 − 1
8
〈Λ, /ΓF iΓ11Λ〉 −
1
96
〈Λ, /ΓY iΛ〉 = 0 , (2.3.14)
and
〈τ+,Γizσ+〉 = 0 , (2.3.15)
respectively. The above condition can also be expressed as 〈σ1+,Γixσ2+〉 = 0 for any
two solutions σ1+ and σ
2
+ of the KSEs.
As in IIB, the algebraic KSE (2.3.7) implies that 〈τ+,Ξ(+)σ+〉 − 〈σ+, (Ξ(+) +
`−1)τ+〉 = 0. This, together with (2.3.15), gives that 〈σ+, τ+〉 = 0 and so the τ+ and
σ+ Killing spinors are orthogonal.
The warp factor is constant
To begin with, for every pair of solutions σ1+ and σ
2
+ of the KSEs we define the 1-form
bilinear
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Wi = A Im 〈σ1+,Γizσ2+〉 . (2.3.16)
Then, the gravitino KSE (2.3.5) implies that
∇(iWj) = 0 , (2.3.17)
therefore W is an Killing vector on M6.
Next, the difference 〈σ1+,Ξ(+)σ2+〉 − 〈σ2+,Ξ(+)σ1+〉 = 0 implies that
W i∇iA = 0 , (2.3.18)
where we have used (2.3.15).
So far we have not made use of the fact that the solutions preserve N > 16
supersymmetries. However, assuming this, (2.3.18) implies that the warp factor A is
constant. This is a consequence of an adaptation of the homogeneity theorem on M6.
The homogeneity theorem also implies that Φ and S are constant. X is constant as
well due to the Bianchi identity (2.3.2). Therefore, we have established that if the
backgrounds preserve N > 16 supersymmetries, then
A = const , Φ = const , S = const , X = const . (2.3.19)
Since the warp factor is constant, all backgrounds that preserve N > 16 supersymme-
tries are products of the form AdS4×M6. In addition, as pointed out in section 2.1,
M6 is a homogeneous space admitting a transitive and effective action of a group G
with Lie algebra so(N/4). These homogeneous spaces have been listed in (2.1.1). In
what follows, we shall explore all these 6-dimensional homogeneous spaces searching
for IIA solutions that preserve N > 16 supersymmetries.
2.3.3 N = 28
There are no maximally supersymmetric AdS4 backgrounds in (massive) IIA super-
gravity [83]. So the next case to be investigated is that with 28 supersymmetries. In
such a case M6 admits a transitive and effective action of a group with Lie algebra
so(7). Amongst the homogeneous spaces presented in (2.1.1), the only one with this
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property is Spin(7)/Spin(6) = S6.
Since Spin(7)/Spin(6) = S6 is a symmetric space, all left-invariant forms are
parallel with respect to the Levi-Civita connection and thus represent classes in the
de-Rham cohomology. As H2(S6) = H3(S6) = H4(S6) = 0, one concludes that
F = H = Y = 0. Using this and (2.3.19), the dilatino KSE (2.3.6) implies that(
5
4
S − 1
4
XΓzx
)
σ+ = 0 . (2.3.20)
As this is the sum of two commuting terms, one Hermitian and one anti-Hermitian,
the existence of solutions requires that both vanish separately. Hence S = X = 0.
Therefore, all fluxes must vanish. This in turn leads to a contradiction, because the
warp factor field equation (2.3.4) does not admit any such solutions. Thus there are
no (massive) IIA AdS4 backgrounds preserving 28 supersymmetries.
2.3.4 N = 24
The internal space of AdS4 backgrounds preserving 24 supersymmetries admits a
transitive and effective action of a group with Lie algebra so(6) = su(4). The only
space in (2.1.1) compatible with such an action is SU(4)/S(U(1)× U(3)) = CP3.
Again, this is a symmetric space and so all invariant forms are parallel with re-
spect to the Levi-Civita connection. In turn they represent classes in the de-Rham
cohomology. As Hodd(CP3) = 0, this implies that H = 0.
It is well-known that this homogeneous space is a Ka¨hler manifold and the left-
invariant metric is given by the standard Fubini-Study metric on CP3. The even
cohomology ring of CP3 is generated by the Ka¨hler form ω. As a result the 2- and
4-form fluxes can be written as
F = αω , Y =
1
2
β ω ∧ ω , (2.3.21)
for some real constants α and β to be fixed.
To determine α and β, let us first consider the dilatino KSE (2.3.6) which after
imposing (2.3.19) reads(
5
4
S +
3
8
/FΓ11 +
1
96
/Y − 1
4
XΓzx
)
σ+ = 0 . (2.3.22)
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The Hermitian and anti-Hermitian terms in this equation commute and so we may
impose these conditions separately. Notice that the only non-trivial commutator to
check is [/F , /Y ] which vanishes because F is proportional to the Ka¨hler form while Y
is a (2,2)-form with respect to the associated complex structure. Thus, we have(
3
8
/FΓ11 − 1
4
XΓzx
)
σ+ = 0 , (2.3.23)
and (
5
4
S +
1
96
/Y
)
σ+ = 0 . (2.3.24)
Inserting these into the algebraic KSE (2.3.7) simplifies to
(3SΓz −XΓx) σ+ = 3
`A
σ+ . (2.3.25)
The integrability condition of this yields
X2 + 9S2 =
9
`2A2
. (2.3.26)
Next, let us focus on (2.3.23) and (2.3.24). Without loss of generality choosing
Γ11 = Γ+−ΓzxΓ123456, (2.3.23) can be rewritten as
α(Γ3456 + Γ1256 + Γ1234)σ+ = −X
3
σ+ , (2.3.27)
and similarly (2.3.24) as
β(Γ1234 + Γ1256 + Γ3456)σ+ = −5Sσ+ , (2.3.28)
where we have chosen an orthonormal frame for which ω = e12 + e34 + e56.
To solve (2.3.27) and (2.3.28), we decompose σ+ into eigenspaces of J1 = Γ3456
and J2 = Γ1256 and find that this leads to the relations
α = −1
3
X, β = −5S , (2.3.29)
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for the eigenspaces |+,+〉, |+,−〉, |−,+〉, and
α =
1
9
X, β =
5
3
S , (2.3.30)
for the eigenspace |−,−〉.
Before we proceed to investigate the KSEs further, let us focus on the field equa-
tions for the fluxes and the warp factor. Observe that α 6= 0. Indeed if α = 0, then
the KSEs would imply that X = 0. As H = X = 0, the dilaton field equation in
(2.3.3) implies that all fluxes vanish. In such a case, the warp factor field equation
in (2.3.4) cannot be satisfied.
Thus α 6= 0. Then the field equation for the 3-form flux in (2.3.3) becomes
α(S + 4β) = 0 and so this implies that β = −1/4S. This contradicts the results
from KSEs in (2.3.29) and (2.3.30) above unless β = S = 0. Setting S = Y = 0 in
the dilaton field equation in (2.3.3), it is easy to see that this satisfied if and only if
α = −1/3X and so σ+ lies in the eigenspaces |+,+〉, |+,−〉 and |−,+〉. As S = 0,
(2.3.26) implies that X = ±3`−1A−1 and so α = ∓`−1A−1. The algebraic KSE
(2.3.25) now reads Γxσ+ = ∓σ+. As α = −1/3X, the common eigenspace of Γx,
Γ3456 and Γ1256 on σ+ spinors has dimension 6. Thus, the number of supersymmetries
that the background
ds2 = 2du(dr − 2`−1rdz) + A2(dz2 + e2z/`dx2) + ds2(CP3) ,
G = ±3`−1Aez/`du ∧ dr ∧ dz ∧ dx , H = S = 0 ,
F = ∓`−1A−1ω, Φ = const , (2.3.31)
with R
(6)
ij δ
ij = 24`−2A−2, can preserve is 24.
To establish that (2.3.31) indeed preserves 24 supersymmetries, it remains to
investigate the gravitino KSE (2.3.5). Since CP3 is simply connected, it is sufficient
to investigate the integrability condition(
1
4
RijmnΓ
mn − 1
8
Fim FjnΓ
mn − 1
12
X FijΓzxΓ11 − 1
72
X2Γij
)
σ+ = 0 , (2.3.32)
of the gravitino KSE. The Riemann tensor of SU(4)/S(U(1)× U(3)) is
Rij,kl =
1
4`2A2
(δikδjl − δilδjk) + 3
4`2A2
(ωijωkl − ωi[jωkl]) . (2.3.33)
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Then a substitution of this and the rest of the fluxes into the integrability condition
reveals that it is satisfied without further conditions. In a similar manner, one can
check that the Einstein equation along M6 is also satisfied. This is the IIA N = 24
solution of [109,118].
2.3.5 N = 20
The internal space of AdS4 backgrounds preserving 20 supersymmetries admits an
effective and transitive action of a group with Lie algebra so(5) = sp(2). Inspect-
ing the homogeneous spaces in table 2.1, one finds that there are two candidate
internal spaces namely the symmetric space Sp(2)/U(2) and the homogeneous space
Sp(2)/Sp(1)× U(1). The symmetric space is the space of complex structures on H2
which are compatible with the quaternionic inner product, while the homogeneous
space is identified with the coset space of the sphere x¯x + y¯y = 1, x, y ∈ H, with
respect to the action (x, y)→ (ax, ay), a ∈ U(1). The latter is diffeomorphic to CP3.
Sp(2)/U(2)
The geometry and algebraic properties of this symmetric space are described in
appendix D. The most general left-invariant metric is
ds2 = a δrsδab`
ra`sb = δrsδabe
raesb , (2.3.34)
where a > 0 is a constant and `ra, and era =
√
a `ra are the left-invariant and or-
thonormal frames, respectively, and where r, s = 1, 2, 3 and a, b = 4, 5. The invariant
forms are generated by the 2-form
ω =
1
2
δrsab e
ra ∧ esb . (2.3.35)
Sp(2)/U(2) is a Ka¨hler manifold with respect to the pair (ds2, ω).
In order to proceed, we choose the metric on the internal manifold as (2.3.34)
and the fluxes as in the SU(4)/S(U(1)× U(3)) case, i.e.
F = αω , Y =
1
2
β ω ∧ ω , (2.3.36)
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but now ω is given in (2.3.35), and where α and β are constants. Since there are no
invariant 3-forms on Sp(2)/U(2), this implies H = 0. Performing a similar analysis to
that in section 2.3.4, we find that β = S = 0, α = ∓`−1A−1 and X = ±3`−1A−1, and
σ+ satisfies the same Clifford algebra projections as in e.g. (2.3.27). This requires
an appropriate re-labeling of the indices of the orthonormal frame era so that the
left-invariant tensors take the same canonical form as those of SU(4)/S(U(1)×U(3))
expressed in terms of the orthonormal frame ei. As a result, there are 24 spinors
that solve the KSEs so far.
It remains to investigate the solutions of the gravitino KSE (2.3.5). As in the
SU(4)/S(U(1) × U(3)) case in section 2.3.4, we shall investigate the integrability
condition instead. This is again given as in (2.3.32). The curvature of the metric of
this symmetric space is presented in (D.1.5). Using this, the integrability condition
(2.3.32) may be written as
[ 1
16a
(δcdΓrcsd − δcdΓscrd)δab + 1
16a
δtu(Γtaub − Γtbua)δrs−
1
8
`−2A−2(δcdΓrcsdδab − Γsbra) + 1
4
`−2A−2δrsabΓzxΓ11
−1
8
`−2A−2Γrasb
]
σ+ = 0 . (2.3.37)
Contracting with δab, one finds that there are solutions preserving more than 8 super-
symmetries provided that a = `2A2. Then, taking the trace of (2.3.37) with abδrs,
we find that
1
2
/ωσ+ = −12ΓzxΓ11σ+ , (2.3.38)
which is in contradiction to the condition (2.3.23) arising from the dilatino KSE.
The symmetric space Sp(2)/U(2) does not yield6 AdS4 solutions that preserve 20
supersymmetries.
Sp(2)/(Sp(1)× U(1))
The Sp(2)/(Sp(1)× U(1)) homogeneous space is described in appendix D. Introduc-
ing the left-invariant frame `AmA = `
aWa + `
rT
(+)
r , the most general left-invariant
6Sp(2)/U(2) can also be excluded as a solution because it is not a spin manifold [113].
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metric is
ds2 = a δab`
a`b + b δrs`
r`s = δabe
aeb + δrse
res, (2.3.39)
where we have introduced the orthonormal frame ea =
√
a `a , er =
√
b `r, and where
r = 1, 2 and a, b = 1, . . . , 4. The invariant forms are generated by
I
(+)
3 =
1
2
(I
(+)
3 )abe
a ∧ eb , ω˜ = 1
2
rse
r ∧ es , er ∧ I(+)r , (2.3.40)
and their duals, where
I(+)r =
1
2
(I(+)r )abe
a ∧ eb . (2.3.41)
The matrices
(
(I
(±)
r )ab
)
are a basis in the space of self-dual and anti-self dual 2-forms
in R4 and are defined in (D.2.3). Imposing the Bianchi identities (2.3.2), one finds
the relation
α√
b
− β
√
b
2a
= S h , (2.3.42)
and that the fluxes can be written as
F = αI
(+)
3 + β ω˜ , H = h rs e
r ∧ I(+)s ,
Y = γ ω˜ ∧ I(+)3 +
1
2
δ I
(+)
3 ∧ I(+)3 , (2.3.43)
where α, β, h, γ and δ are constants.
The dilatino KSE (2.3.6) is the sum of Hermitian and anti-Hermitian Clifford
algebra elements which commute and thus lead to the two independent conditions(
3
8
/FΓ11 − 1
4
XΓzx
)
σ+ = 0 ,(
5
4
S +
1
12
/HΓ11 +
1
96
/Y
)
σ+ = 0 . (2.3.44)
Using this to simplify the algebraic KSE (2.3.7), one finds
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(
1
12
/H Γ11Γz + SΓz − X
3
Γx
)
σ+ =
1
`A
σ+ . (2.3.45)
If we then insert the fluxes (2.3.43) into the above KSEs and set J1 = Γ
241Γ11,
J2 = Γ
131Γ11 and J3 = Γ
232Γ11, we obtain
(α(J2J3 − J1J3) + βJ1J2) σ+ + X
3
σ+ = 0 ,
(5S + 2h(J1 − J2 − J3 + J1J2J3) + γ (J2J3 − J1J3) + δ J1J2)σ+ = 0 ,(
1
2
h(J1 − J2 − J3 + J1J2J3)Γz + SΓz − X
3
Γx
)
σ+ − 1
`A
σ+ = 0 . (2.3.46)
As J1, J2, J3 are commuting Hermitian Clifford algebra operators with eigenvalues
±1, the KSE (2.3.45) can be decomposed along the common eigenspaces as described
in table 2.2.
Table 2.2: Decomposition of (2.3.46) KSE into eigenspaces
|J1, J2, J3〉 relations for the fluxes
(1) |+,+,+〉, |−,−,−〉 β = −X
3
, 5S + δ = 0
|+,+,−〉, |−,−,+〉 (S Γz − X3 Γx)|·〉 = 1`A |·〉
(2) |+,−,+〉, |−,+,−〉 2α + β = X
3
, 5S − 2γ − δ = 0
(S Γz − X3 Γx)|·〉 = 1`A |·〉
(3) |+,−,−〉 2α− β = −X
3
, 5S + 8h+ 2γ − δ = 0
((S + 2h) Γz − X3 Γx)|·〉 = 1`A |·〉
(4) |−,+,+〉 2α− β = −X
3
, 5S − 8h+ 2γ − δ = 0
((S − 2h) Γz − X3 Γx)|·〉 = 1`A |·〉
From the results of table 2.2, there are two possibilities to choose five σ+ Killing
spinors, namely those in eigenspaces (1) and (3) and those in eigenspaces (1) and
(4). For both of these choices, the Bianchi identity (2.3.42) and the dilaton field
equation give
α = β = −X
3
, X = ± 3
`A
, b = 2a, S = h = γ = δ = 0 . (2.3.47)
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In either case notice that these conditions imply the existence of six σ+ Killing
spinors, as the conditions required for both |+,−,−〉 and |−,+,+〉 to be solutions
are satisfied. So potentially this background can preserve N = 24 supersymmetries.
To summarize, the independent conditions on the Killing spinors arising from those
in (2.3.44) and those in table 2.2 are
1
2
(
/I
(+)
3 + /˜ω
)
σ+ = σ+ , Γxσ+ = − 3
`AX
σx . (2.3.48)
These are the same conditions as those found in section 2.3.4 for M6 = CP3.
It remains to investigate the gravitino KSE (2.3.5) or, equivalently, as Sp(2)/(Sp(1)×
U(1)) is simply connected, the corresponding integrability condition is again of the
form (2.3.32). The curvature of the metric is given in (D.2.8). Moreover the Einstein
equation (2.3.4) yields a = `2A2/2. Using these and substituting the conditions
(2.3.47) into the integrability condition, one can show that this is automatically
satisfied provided that (2.3.48) holds. As a result, there are no AdS4 backgrounds
with internal space Sp(2)/(Sp(1)× U(1) which strictly preserve 20 supersymmetries.
However as shown above, there is a solution which preserves 24 supersymmetries for
b = 2a. This is locally isometric to the AdS4 × CP3 solution found in section 2.3.4.
Note that there are no N > 24 solutions as can be seen by a direct computation
or by observing that CP3 does not admit an effective and transitive action by the
so(N/4) subalgebra of the Killing superalgebra of such backgrounds. However, there
are AdS4 × Sp(2)/(Sp(1)× U(1)) solutions which preserve 4 supersymmetries [119].
2.4 N > 16 AdS4 ×w M 7 solutions in 11 dimensions
2.4.1 AdS4 solutions in D = 11
Let us first summarise some of the properties of AdS4 ×w M7 backgrounds in 11-
dimensional supergravity as described in [75] that we shall use later. The bosonic
fields are given by
ds2 = 2e+e− + (ez)2 + (ex)2 + ds2(M7) ,
F = X e+ ∧ e− ∧ ez ∧ ex + Y , (2.4.1)
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where the null orthonormal frame (e+, e−, ez, ex, ei) is as in (2.2.3), but now i, j =
1, . . . , 7, and the metric on the internal space M7 is ds2(M7) = δije
iej. X and Y are
a function and 4-form on M7, respectively.
The Bianchi identities of 11-dimensional supergravity evaluated on an AdS4 ×w
M7 background yield
dY = 0, d(A4X) = 0 . (2.4.2)
Similarly, the field equations give
∇kYki1i2i3 + 4∇kAYki1i2i3 = −
1
24
Xi1i2i3
k1k2k3k4Yk1k2k3k4 , (2.4.3)
∇k∂k logA = − 3
`2A2
− 4∂k logA∂k logA+ 1
3
X2 +
1
144
Y 2 , (2.4.4)
and
R
(7)
ij − 4∇i∂j logA− 4∂i logA∂j logA =
1
12
Y 2ij + δij
(
1
6
X2 − 1
144
Y 2
)
, (2.4.5)
where ∇ is the Levi-Civita connection on M7.
2.4.2 The Killing spinors
The solution of the KSEs of D = 11 supergravity along the AdS4 subspace of AdS4×w
M7 given in [75] can be expressed as in (2.2.7), but now σ± and τ± are spin(10, 1)
Majorana spinors that depend on the coordinates of M7. Again they satisfy the
lightcone projections Γ±σ± = Γ±τ± = 0. The remaining independent KSEs are
∇(±)i σ± = 0 , ∇(±)i τ± = 0 , (2.4.6)
and
Ξ(±)σ± = 0 , (Ξ(±) ± 1
`
)τ± = 0 , (2.4.7)
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where
∇(±)i = ∇i ±
1
2
∂i logA− 1
288
/ΓY i +
1
36
/Y i ±
1
12
XΓizx , (2.4.8)
Ξ(±) = ∓ 1
2`
− 1
2
Γz /∂A+
1
288
AΓz /Y ± 1
6
AXΓx . (2.4.9)
The former KSE is the restriction of the gravitino KSE on σ± and τ± while the
latter arises as an integrability condition from integrating the gravitino KSE of 11-
dimensional supergravity over the AdS4 subspace of AdS4 ×w M7.
2.4.3 AdS4 solutions with N > 16 in 11 dimensions
Conditions on spinor bilinears
The conditions that arise from the assumption that M7 be compact without bound-
ary and the solutions be smooth are similar to those presented in the (massive) IIA
case. In particular, one finds
‖ σ+ ‖= const , 〈τ+,Γizσ+〉 = 0 , 〈σ+, τ+〉 = 0 . (2.4.10)
The proof follows along the same lines as in the (massive) IIA case, and so we shall
not repeat it here.
The warp factor is constant
Using arguments similar to those presented in the (massive) IIA case, one finds that
Wi = A Im 〈σ1+,Γizσ2+〉 are Killing vectors on M7 for any pair of Killing spinors σ1+
and σ2+ and that iWdA = 0.
Next, let us suppose that the backgrounds preserve N > 16 supersymmetries.
Then, an argument similar to the one presented in the proof of the homogeneity
conjecture implies that the vector fields W span the tangent space of M7 at every
point and so A is constant. From the Bianchi identity (2.4.2) it then follows that X
is constant as well. Thus we have established that
A = const , X = const . (2.4.11)
77
Chapter 2. AdS4 Backgrounds with N > 16 Supersymmetries in 10 and 11
Dimensions
Table 2.3: 7-dimensional compact, simply connected, homogeneous spaces
M7 = G/H
(1) Spin(8)
Spin(7)
= S7, symmetric space
(2) Spin(7)
G2
= S7
(3) SU(4)
SU(3)
diffeomorphic to S7
(4) Sp(2)
Sp(1)
diffeomorphic to S7
(5) Sp(2)
Sp(1)max
, Berger space
(6) Sp(2)
∆(Sp(1))
= V2(R5)
(7) SU(3)
∆k,l(U(1))
= W k,l k, l coprime, Aloff-Wallach space
(8) SU(2)×SU(3)
∆k,l(U(1))·(1×SU(2)) = N
k,l k, l coprime
(9) SU(2)
3
∆p,q,r(U(1)2)
= Qp,q,r p, q, r coprime
(10) M4 ×M3, M4 = Spin(5)
Spin(4)
, SU(3)
S(U(1)×U(2)) ,
SU(2)
U(1)
× SU(2)
U(1)
M3 = SU(2) , SU(2)×SU(2)
∆(SU(2))
(11) M5 × SU(2)
U(1)
, M5 = Spin(6)
Spin(5)
, SU(3)
SU(2)
, SU(2)×SU(2)
∆k,l(U(1))
, SU(3)
SO(3)
As a result, the spacetime is a product AdS4 ×M7, where M7 is a homogeneous
space. Further progress requires the investigation of individual homogeneous spaces
of dimension 7 which have been classified in [115,116] and are listed in table 2.3. Re-
quiring in addition that the homogeneous spaces which can occur as internal spaces
of N > 16 AdS4 backgrounds must admit an effective and transitive action of a group
that has Lie algebra so(N/4), one arrives at the homogeneous spaces presented in
(2.1.2). In what follows, we shall investigate the geometry of these homogeneous
spaces in detail searching for N > 16 AdS4 backgrounds in 11-dimensional super-
gravity.
2.4.4 N = 28, Spin(7)/G2
The maximally supersymmetric solutions have been classified before [83] where it has
been shown that all are locally isometric to AdS4 × S7 with S7 = Spin(8)/Spin(7).
The only solution that may preserve N = 28 supersymmetries is associated with
the homogeneous space Spin(7)/G2, see (2.1.2). The Lie algebra spin(7) = so(7) is
again spanned by matrices Mij as in (D.0.1) satisfying the commutation relations
(D.0.2) where now i, j = 1, 2, ..., 7. Let us denote the generators of the g2 subalgebra
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of spin(7) and those of the module m, spin(7) = g2⊕m, with G and A, respectively.
These are defined as
Gij = Mij +
1
4
∗7ϕijklMkl , Ai = ϕijkMjk , (2.4.12)
where ϕ is the fundamental G2 3-form, ∗7ϕ is its dual and ∗7 is the duality operation
along the 7-dimensional internal space. The non-vanishing components of ϕ and ∗7ϕ
can be chosen as
ϕ123 = ϕ147 = ϕ165 = ϕ246 = ϕ257 = ϕ354 = ϕ367 = 1 ,
∗7ϕ1276 = ∗7ϕ1245 = ∗7ϕ1346 = ∗7ϕ1357 = ∗7ϕ2374 = ∗7ϕ2356 = ∗7ϕ4567 = 1 , (2.4.13)
and we have raised the indices above using the flat metric. We have used the con-
ventions for ϕ and ∗7ϕ of [120], where also several useful identities involving ϕ and
its Hodge dual are presented. In particular, observe that ϕi
jkGjk = 0. The spin(7)
generators can be written as
Mij =
2
3
Gij +
1
6
ϕij
k Ak , (2.4.14)
and, using this, we obtain
[Gij, Gkl] =
1
2
(δilGjk + δjkGil − δikGjl − δjlGik) + 1
4
(∗7ϕij[kmG`]m − ∗7ϕk`[imGj]m) ,
[Ai, Gjk] =
1
2
(δij Ak − δik Aj) + 1
4
∗7 ϕijklAl ,
[Ai, Aj] = ϕij
k Ak − 4Gij . (2.4.15)
Clearly, Spin(7)/G2 is a homogeneous space. As G2 acts with the irreducible 7-
dimensional representation on m, the left-invariant metric on Spin(7)/G2 is unique
up to scale, therefore we may choose an ortho-normal frame ei such that
ds2 = a δij`
i`j = δije
iej , (2.4.16)
where a > 0 is a constant. The left-invariant forms are
ϕ =
1
3!
ϕijk e
i ∧ ej ∧ ek , (2.4.17)
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and its dual ∗7ϕ. So the Y flux can be chosen as
Y = α ∗7ϕ , α = const . (2.4.18)
Using this, the algebraic KSE (2.4.7) can be expressed as(
1
6
α (P1 − P2 + P3 − P1 P2 P3 − P2 P3 + P1 P3 − P1 P2) Γz+
+
1
3
X Γx
)
σ+ =
1
`A
σ+ , (2.4.19)
where {P1, P2, P3} = {Γ1245,Γ1267,Γ1346} are mutually commuting, hermitian Clifford
algebra operators with eigenvalues ±1. The solutions of the algebraic KSE on the
eigenspaces of {P1, P2, P3} have been tabulated in table 2.4.
Table 2.4: Decomposition of (2.4.19) KSE into eigenspaces
|P1, P2, P3〉 relations for the fluxes
|+,+,+〉, |+,+,−〉, |−,+,+〉, |+,−,−〉 (−1
6
αΓz +
1
3
XΓx)|·〉 = 1`A |·〉|−,+,−〉, |−,−,+〉, |−,−,−〉
|+,−,+〉 (7
6
αΓz +
1
3
XΓx)|·〉 = 1`A |·〉
For backgrounds preserving N > 16 supersymmetries, one has to choose the first
set of solutions in table 2.4 and so impose the condition
1
36
α2 +
1
9
X2 =
1
`2A2
. (2.4.20)
However, the field equation for the warp factor A (2.4.4) gives
3
`2A2
=
1
3
X2 +
7
6
α2 . (2.4.21)
These two equations imply that α = 0, hence Y = 0.
As Y = 0, the algebraic KSE is simplified to
Γxσ+ =
3
`AX
σ+ , (2.4.22)
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and so σ+ lies in one of the 8-dimensional eigenspaces of Γx provided that X = ± 3`A .
Thus, instead of preserving 28 supersymmetries, the solution can be maximally super-
symmetric. Indeed, this is the case, as we shall now demonstrate. The integrability
condition of the gravitino KSE (2.4.6) becomes(
Rijk` Γ
k` − 1
18
X2Γij
)
σ+ = 0 . (2.4.23)
To investigate whether this can yield a new condition on σ+, we find after a di-
rect computation using the results of section 1.5 that the Riemann tensor in the
orthonormal frame is given by
Rijk` =
9
4
a−1(δikδj` − δi`δjk) . (2.4.24)
Therefore, S7 = Spin(7)/G2 is equipped with the round metric. For supersymmetric
solutions, one must set a−1 = 1
81
X2 = 1
9`2A2
. In such a case, the integrability condi-
tion of the gravitino KSE is automatically satisfied and thus the solution preserves 32
supersymmetries. This solution is locally isometric to the maximally supersymmetric
AdS4 × S7 solution.
2.4.5 N = 24, SU(4)/SU(3)
As so(6) = su(4), it follows from (2.1.2) that the internal space of an AdS4 solution
with 24 supersymmetries is the 7-dimensional homogeneous manifold SU(4)/SU(3).
The geometry of this homogeneous space is described in appendix B. The left-
invariant metric can be rewritten as
ds2 = a δmn`
m`n + b (`7)2 = δmne
men + (e7)2 , (2.4.25)
where we have introduced an orthonormal frame em =
√
a `m, e7 =
√
b `7, and m,n =
1, . . . , 6. The most general left-invariant 4-form flux Y can be chosen as
Y =
1
2
αω ∧ ω + β ∗7 (Reχ) + γ ∗7 (Imχ) , (2.4.26)
where α, β, γ are constants and the left-invariant 4-forms are
∗7(Reχ) = e1367 + e1457 + e2357 − e2467 , ω = e12 + e34 + e56 ,
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∗7(Imχ) = −e1357 + e1467 + e2367 + e2457 , (2.4.27)
expressed in terms of the orthonormal frame. Having specified the fields, it remains
to solve the KSEs. For this define the mutually commuting Clifford algebra operators
J1 = cos θ Γ
1367 + sin θ Γ2457 , J2 = cos θ Γ
1457 + sin θ Γ2367 ,
J3 = cos θ Γ
2357 + sin θ Γ1467 , (2.4.28)
with eigenvalues ±1, where tan θ = γ/β. Then upon inserting Y into the algebraic
KSE (2.4.7) and using the above Clifford algebra operators, we obtain
[
− α
6
(J1J2 + J1J3 + J2J3) Γz +
√
β2 + γ2
6
(J1 + J2 + J3 + J1J2J3) Γz
+
1
3
XΓx
]
σ+ =
1
`A
σ+ . (2.4.29)
The algebraic KSE (2.4.7) can then be decomposed into the eigenspaces of J1, J2 and
J3. The different relations on the fluxes for all possible sets of eigenvalues of these
operators are listed in table 2.5.
Table 2.5: Decomposition of (2.4.29) KSE into eigenspaces
|J1, J2, J3〉 relations for the fluxes
|+,+,−〉, |+,−,+〉, |−,+,+〉 (1
6
αΓz +
1
3
XΓx)|·〉 = 1`A |·〉|+,−,−〉, |−,+,−〉, |−,−,+〉
|+,+,+〉 [(−α
2
+ 2
3
√
β2 + γ2) Γz +
1
3
XΓx]|·〉 = 1`A |·〉
|−,−,−〉 [(−α
2
− 2
3
√
β2 + γ2) Γz +
1
3
XΓx]|·〉 = 1`A |·〉
The only possibility to obtain solutions with N > 16 supersymmetries is to choose
the first set of eigenspinors in table 2.5. This leads to the integrability condition
α2
36
+
1
9
X2 =
1
`2A2
, (2.4.30)
from the remaining KSE. This together with the warp factor field equation (2.4.4)
1
3
X2 +
1
2
α2 +
2
3
(β2 + γ2) =
3
`2A2
, (2.4.31)
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implies
5
4
α2 + 2(β2 + γ2) = 0 , (2.4.32)
and so α = β = γ = 0. Therefore Y = 0 and the solution is electric. As a result, the
algebraic KSE (2.4.4) becomes
Γxσ+ =
3
`AX
σ+ , (2.4.33)
and so for X = ±3`−1A−1 it admits 8 linearly independent σ+ solutions. So poten-
tially, the background is maximally supersymmetric.
It remains to investigate the gravitino KSE. First of all, we observe that for Y = 0
the Einstein equation (2.4.5) along the internal space becomes
Rij =
1
6
X2δij . (2.4.34)
Therefore, the internal space is Einstein. After some computation using the results
in appendix B, one finds that the homogeneous space SU(4)/SU(3) is Einstein,
provided that b = 9
4
a. In that case, the curvature of the metric in the orthonormal
frame becomes
Rij,mn =
1
4a
(δimδjn − δinδjm) , (2.4.35)
and so the internal space is locally isometric to the round 7-sphere. As expected
from this, the integrability condition of the gravitino KSE (2.4.6)
(Rij,mnΓ
mn − 1
18
X2Γij)σ+ = 0 , (2.4.36)
has non-trivial solutions for X2 = 9a−1, i.e. a = `2A2 and b = 9
4
`2A2. With
this identification of parameters, AdS4 × SU(4)/SU(3) is locally isometric to the
maximally supersymmetric AdS4 × S7 background.
To summarise, there are no AdS4 solutions with internal space SU(4)/SU(3)
which preserve 16 < N < 32 supersymmetries. However, for the choice of pa-
rameters for which SU(4)/SU(3) is the round 7-sphere, the solution preserves 32
supersymmetries as expected.
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2.4.6 N = 20
As mentioned in section 2.1, the internal space of AdS4 backgrounds that preserve
20 supersymmetries admits an effective and transitive action of a group which has
Lie algebra so(5) = sp(2). The field equation for Y (2.4.3) is
d ∗7 Y = X Y . (2.4.37)
As X is constant, note that for generic 4-forms Y this defines a nearly-parallel G2-
structure on M7, see e.g. [121] for homogeneous G2 structures. However, in what
follows we shall not assume that Y is generic. In fact in many cases, it vanishes.
Amongst the 7-dimensional compact homogeneous spaces of (2.1.2), there are
three candidate internal spaces. These are the Berger space B7 = Sp(2)/Sp(1)max,
V2(R5) = Sp(2)/∆(Sp(1)), and J7 = Sp(2)/Sp(1), corresponding to the three in-
equivalent embeddings of Sp(1) into Sp(2). We will in the following examine each
case separately, starting with the Berger space Sp(2)/Sp(1)max.
Sp(2)/Sp(1)max
The description of the Berger space B7 = Sp(2)/Sp(1)max as a homogeneous manifold
is summarized in appendix C. B7 is diffeomeorphic to the total space of an S3 bundle
over S4 with Euler class ∓10 and first Pontryagin class ∓16 [122]. As a result
H4(B7,Z) = Z10 and B7 is a rational homology 7-sphere. Since sp(2) = so(5) and
sp(1) = so(3), one writes so(5) = so(3)⊕m and the subalgebra so(3) acts irreducibly
on m with the 7 representation. So B7 admits a unique invariant metric up to an
overall scale that is Einstein. As the embedding of so(3) into so(7) factors through
g2, it also admits an invariant 3-form ϕ given in (2.4.13) which is unique up to a
scale. Because there is a unique invariant 3-form ϕ, dϕ ∝ ∗7ϕ and B7 is a nearly
parallel G2 manifold. Using these, we find that the invariant fields of the theory are
ds2 = aδij`
i`j = δije
iej , Y =
1
4!
α ∗7 ϕijkm ei ∧ ej ∧ ek ∧ em , (2.4.38)
where we have introduced the ortho-normal frame ei =
√
a `i, ∗7ϕ is given in (2.4.13)
and a, α are constants with a > 0.
As the pair (ds2, Y ) exhibits the same algebraic relations as that of the Spin(7)/G2
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case, the algebraic KSE (2.4.19) can be solved in the same way yielding the results of
table 2.4. To find N > 16 AdS4 solutions, one should consider the first set of eigen-
spinors of the table which in turn imply the relation (2.4.20) amongst the fluxes.
This together with the field equation of the warp factor (2.4.21) leads again to the
conclusion that α = 0 and so Y = 0.
As a result of the analysis of the algebraic KSE, so far the background can admit
up to 32 supersymmetries. It remains to investigate the solutions of the gravitino
KSE. The curvature of B7 is given by
Rij,km =
1
10 a
δk[i δj]m − 1
5a
∗7 ϕijkm +
1
a
δαβk
α
ijk
β
km , (2.4.39)
where kα is given in appendix C. The integrability condition of the gravitino KSE
for Y = 0 is given in (2.4.23). To solve this condition, we decompose the expression
into the 7 and 14 representations of g2 using the projectors
(P 7)ijkm =
1
3
(δi[kδ
j
m] − 12 ∗7 ϕijkm) ,
(P 14)ijkm =
2
3
(δi[kδ
j
m] +
1
4
∗7 ϕijkm) , (2.4.40)
and noting that kα as 2-forms are in the 14 representation. The integrability condi-
tion along the 7 representation gives X2 = 81
5
a−1 while along the 14 representation
it implies that the Killing spinors must be invariant under g2. It turns out that
there are two such σ+ spinors, however taking into account the remaining projection
arising from the algebraic KSE, see (2.4.22), we deduce that the solution preserves
4 supersymmetries in total. This solution has already been derived in [112].
Sp(2)/∆(Sp(1))
The decomposition of the Lie algebra sp(2) = so(5) suitable to describe this homo-
geneous space can be found in appendix D. Writing `AmA = `
raMra + `
7T7 for the
left-invariant frame, r = 1, 2, 3 and a = 4, 5, the most general left-invariant metric is
ds2 = δrsgab`
ra`sb + a4(`
7)2 , (2.4.41)
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where gab is a positive definite symmetric 2 × 2-matrix, a > 0 a constant, and the
left-invariant forms are generated by
`7 = `7 ,
1
2
δrsab`
ra ∧ `sb , 1
3!
rst`
ra ∧ `sb ∧ `tc . (2.4.42)
In order to simplify the analysis of the geometry in what follows, we note that without
loss of generality the matrix (gab) can be chosen to be diagonal. To see this, perform
an orthogonal transformation O ∈ SO(2) to bring (gab) into a diagonal form. Such
a transformation can be compensated with a frame rotation
`ra → Oab`rb . (2.4.43)
Demanding that `AmA is invariant implies that Mra has to transform as Mra →
ObaMrb. Indeed, we observe that such a transformation is an automorphism of so(5)
that preserves the decomposition (D.1.3), i.e. the structure constants of the Lie alge-
bra remain the same. As a result, we can diagonalise the metric and simultaneously
use the same structure constants to calculate the geometric quantities of the homo-
geneous space. Under these orthogonal transformations the first two left-invariant
forms are invariant while there is a change of basis in the space of left-invariant
3-forms.
To continue, take7 (gab) = diag(a1, a2). Then introduce the orthonormal frame
e7 =
√
a4 `
7, er4 =
√
a1 `
r4 and er5 =
√
a2 `
r5. In this frame the most general left-
invariant metric and Y flux can be written as
ds2 = δabδrse
raesb + (e7)2 ,
Y = β1 e
7 ∧ χ444 + β2 e7 ∧ χ445 + β3 e7 ∧ χ455 + β4 e7 ∧ χ555 + β5 ψ , (2.4.44)
where β1, β2, · · · , β5 are constants,
χabc =
1
3!
rste
ra ∧ esb ∧ etc , ψ = 1
2
ω ∧ ω , (2.4.45)
and
ω =
1
2
δrsabe
ra ∧ esb . (2.4.46)
7We have performed the analysis that follows also without taking (gab) to be diagonal producing
the same conclusions.
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The Bianchi identity for Y is automatically satisfied. On the other hand, the field
equation for Y in (2.4.3) yields the conditions
β3
2
√
a2
a4a1
− β1X = 0 , −β2
√
a2
a4a1
+
3β4
2
√
a1
a4a2
− β2X = 0 ,
3β1
2
√
a2
a4a1
− β3
√
a1
a2a4
− β3X = 0 , β2
2
√
a1
a4a2
− β4X = 0 ,
β5
(
X +
√
a4
a1a2
)
= 0 , (2.4.47)
where we have chosen the top form on M7 as dvol = e7 ∧ χ444 ∧ χ555.
Before we proceed to investigate the various cases which arise from solving the
linear system (2.4.47), let us first consider the case in which F is electric, i.e. propor-
tional to the volume form of AdS4. In such a case β1 = · · · = β5 = 0. The algebraic
KSE then gives
1
3
XΓxσ+ =
1
`A
σ+ , (2.4.48)
and the field equations along M7 imply that
Rij =
1
6
X2δij , (2.4.49)
and so M7 is Einstein. The Einstein condition on the metric of M7 requires that
a1 = a2 , a4 =
3
2
a1 . (2.4.50)
To investigate whether there are solutions preserving 20 supersymmetries, it remains
to consider the integrability condition of the gravitino KSE (2.4.36). Indeed, using
the expressions (D.3.3) and (D.3.4) for the curvature of this homogeneous space,
the integrability condition along the directions 7 and ra gives X2 = (27/8)a−11 while
along the ra and sb directions additional projections are required. For example, after
taking the trace with δab and setting r = 1 and s = 2, the condition is Γ1245σ+ = σ+
which leads to solutions that preserve 16 supersymmetries or less, where the gamma
matrices are in the orthonormal frame and Γr4 = Γr,Γr5 = Γ3+r. Hence there are no
N > 16 AdS4 solutions.
Next let us turn to investigate the solutions of the linear system (2.4.47). The
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last condition implies that
either β5 = 0 or X = −
√
a4
a1a2
. (2.4.51)
To continue, first consider the case that β5 6= 0.
β5 6= 0
Substituting the second equation in (2.4.51) into the linear system (2.4.47), one
finds that
β3
a2
2
+ β1a4 = 0 , (a4 − a1)β3 + 3
2
a2β1 = 0 ,
β2
a1
2
+ a4β4 = 0 , (a4 − a2)β2 + 3
2
a1β4 = 0 . (2.4.52)
Now there are several cases to consider. First, suppose that the parameters of the
metric a1, a2, a4 are such that the only solutions of the linear system above are
β1 = β2 = β3 = β4 = 0. In such case Y = β5ψ and Y has the same algebraic
properties as that of the SU(4)/SU(3) case with β = γ = 0 and α = β5. As a result,
the algebraic KSE together with the Einstein equation for the warp factor imply that
β5 = 0 as well and so Y = 0. This violates our assumption that β5 6= 0. In any case,
the 4-form flux F is electric which we have already investigated above and found
that such a configuration does not admit solutions with N > 16 supersymmetries.
Next, suppose that the parameters of the metric are chosen such that
either β1 = β3 = 0 , or β2 = β4 = 0 . (2.4.53)
These two cases are symmetric, so it suffices to consider one of the two. Suppose
that β2 = β4 = 0 and β1, β3 6= 0. In such a case
3
4
a22 − a4(a4 − a1) = 0 , (2.4.54)
with 3
4
a21 − a4(a4 − a2) 6= 0. Setting P1 = Γ7156, P2 = Γ7345 and P3 = Γ7264, the
algebraic KSE can be written as[ 1
18
(
− 3β1P1P2P3 + β3(P1 + P2 + P3)− 3β5(P1P2 + P1P3 + P2P3)
)
Γz
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+
1
3
XΓx
]
σ+ =
1
`A
σ+ . (2.4.55)
Since P1, P2, P3 commute and have eigenvalues ±1, the above algebraic equation
decomposes into eigenspaces as tabulated in table 2.6.
Table 2.6: Decomposition of (2.4.55) KSE into eigenspaces
|P1, P2, P3〉 relations for the fluxes
|+,+,+〉 [1
6
(−β1 + β3 − 3β5)Γz + 13XΓx]|·〉 = 1`A |·〉
|+,+,−〉, |+,−,+〉, |−,+,+〉 [ 1
18
(3β1 + β3 + 3β5)Γz +
1
3
XΓx]|·〉 = 1`A |·〉
|−,−,+〉, |−,+,−〉, |+,−,−〉 [ 1
18
(−3β1 − β3 + 3β5)Γz + 13XΓx]|·〉 = 1`A |·〉
|−,−,−〉 [1
6
(β1 − β3 − 3β5)Γz + 13XΓx]|·〉 = 1`A |·〉
To find solutions with 20 supersymmetries or more, we can either choose one of the
two eigenspaces with 3 linearly independent eigenspinors and both eigenspaces with
a single eigenspinor or both eigenspaces with 3 linearly independent eigenspinors. In
the former case the algebraic KSE will admit 20 Killing spinors and in the latter 24
Killing spinors.
Let us first consider the case with 20 Killing spinors. In such a case, we find that
β1 = β3 , β1 = 3β5 , (2.4.56)
and
1
36
β21 +
1
9
X2 =
1
`2A2
, (2.4.57)
where we have considered the second eigenspace with 3 eigenspinors in table 2.6.
The case where the first such eigenspace with 3 eigenspinors is chosen can be treated
in a similar way. The condition (2.4.57) follows as an integrability condition of the
remaining algebraic KSE involving Γz and Γx. On the other hand, the field equation
for the warp factor (2.4.4) implies that
7
54
β21 +
1
9
X2 =
1
`2A2
, (2.4.58)
which, together with (2.4.57), gives β1 = 0 and so Y = 0. The solution cannot
preserve N > 16 supersymmetries.
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Next consider the case with 24 Killing spinors. In this case, we find that
3β1 = −β3 , (2.4.59)
and the integrability condition of the remaining algebraic KSE yields
1
36
β25 +
1
9
X2 =
1
`2A2
. (2.4.60)
On the other hand the field equation of the warp factor (2.4.4) gives
1
9
X2 +
2
9
β21 +
1
6
β25 =
1
`2A2
. (2.4.61)
Comparing this with (2.4.60), one finds that the β’s vanish and so Y = 0. Thus
there are no solutions with N > 16 for either β1, β3 or β2, β4 non-vanishing.
It remains to investigate the case that all β1, . . . , β5 6= 0. This requires that the
determinant of the coefficients of the linear system (2.4.52) must vanish, i.e.
3
4
a22 − a4(a4 − a1) = 0 ,
3
4
a21 − a4(a4 − a2) = 0 . (2.4.62)
Taking the difference of the two equations, we find that
either a1 = a2 , or a4 =
3
4
(a1 + a2) . (2.4.63)
Substituting a4 above into (2.4.62), we find that a1 = a2. So without loss of gener-
ality, we set a1 = a2 = a. Then the linear system (2.4.52) can be solved to yield
β3 = −3β1 , β2 = −3β4 . (2.4.64)
Setting
P1 = cos θΓ
7156 + sin θΓ7234 , P2 = cos θΓ
7345 + sin θΓ7126 ,
P3 = cos θΓ
7264 + sin θΓ7315 , (2.4.65)
the algebraic KSE (2.4.7) can be rewritten as
[ 1
18
(
αP1P2P3 + α(P1 + P2 + P3)− 3β5(P1P2 + P1P3 + P2P3)
)
Γz
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+
1
3
XΓx]σ+ =
1
`A
σ+ , (2.4.66)
where tan θ = β3/β2 and α =
√
β22 + β
2
3 . Again, these Clifford algebra operators
commute and have eigenvalues ±1, so we list the restrictions of this equation to the
eigenspaces of P1, P2 and P3 in table 2.7.
Table 2.7: Decomposition of (2.4.66) KSE into eigenspaces
|P1, P2, P3〉 relations for the fluxes
|+,+,+〉 [ 1
18
(4α− 9β5)Γz + 13XΓx]|·〉 = 1`A |·〉
|+,+,−〉, |+,−,+〉, |−,+,+〉
|−,−,+〉, |−,+,−〉, |+,−,−〉 [1
6
β5Γz +
1
3
XΓx]|·〉 = 1`A |·〉
|−,−,−〉 [ 1
18
(−4α− 9β5)Γz + 13XΓx]|·〉 = 1`A |·〉
To find solutions with 20 supersymmetries, one needs to consider the eigenspace
with 6 eigenspinors in table 2.7. In such a case the integrability of the remaining
KSE requires that
1
36
β25 +
1
9
X2 =
1
`2A2
. (2.4.67)
Comparing this with the field equation of the warp factor
1
9
X2 +
1
6
β25 +
1
18
(β21 + β
2
4) +
1
54
(β22 + β
2
3) =
1
`2A2
, (2.4.68)
we find that all β’s must vanish and so Y = 0. Thus, the flux F is electric and, as
we have demonstrated, such a background does not admit N > 16 AdS4 supersym-
metries.
β5 = 0
Since the backgrounds with electric flux F cannot preserve N > 16 supersym-
metries, we have to assume that at least one of the pairs (β1, β3) and (β2, β4) do
not vanish. If either the pair (β1, β3) or (β2, β4) is non-vanishing, the investigation
of the algebraic KSE proceeds as in the previous case with β5 6= 0. In particular,
we find that the algebraic KSE (2.4.7) together with the field equation for the warp
factor imply that all β’s vanish and the flux F is electric. So there are no solutions
preserving N > 16 supersymmetries.
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It remains to investigate the case that β1, β2, β3, β4 6= 0. If this is the case, the
determinant of the linear system (2.4.47) must vanish which in turn implies that
−3
4
a2
a1a4
+X
(
X +
√
a1
a2a4
)
= 0 , −3
4
a1
a2a4
+X
(
X +
√
a2
a1a4
)
= 0 . (2.4.69)
The solution of these equations is
either a1 = a2 , or X = −3
4
a1 + a2√
a1a2a4
. (2.4.70)
Substituting the latter equation into (2.4.69), one again finds that a1 = a2. So,
without loss of generality, we take a1 = a2 in which case
either X =
1
2
√
a4
, or X = − 3
2
√
a4
. (2.4.71)
For the latter case, the linear system (2.4.47) gives
β3 = −3β1 , β2 = −3β4 . (2.4.72)
After setting β5 = 0, the investigation of the algebraic KSE can be carried out as that
described in table 2.7. As a result, after comparing with the field equation for the
warp factor, the β’s vanish and F is electric. Thus there are no solutions preserving
N > 16 supersymmetries.
Table 2.8: Decomposition of (2.4.74) KSE into eigenspaces
|P1, P2, P3〉 relations for the fluxes
|+,+,+〉, |−,−,−〉 1
3
XΓx|·〉 = 1`A |·〉
|+,+,−〉, |+,−,+〉, |−,+,+〉 [2
9
αΓz +
1
3
XΓx]|·〉 = 1`A |·〉
|−,−,+〉, |−,+,−〉, |+,−,−〉 [−2
9
αΓz +
1
3
XΓx]|·〉 = 1`A |·〉
It remains to investigate the case that X = 1/(2
√
a4) in (2.4.71). In this case,
the linear system (2.4.47) gives
β1 = β3 , β2 = β4 . (2.4.73)
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Using the P1, P2 and P3 as in (2.4.65), the algebraic KSE (2.4.7) becomes
[ 1
18
(− 3αP1P2P3 + α(P1 + P2 + P3))Γz + 1
3
XΓx]σ+ =
1
`A
σ+ , (2.4.74)
and the solutions in the eigenspaces of P1, P2 and P3 are described in table 2.8. To
preserve N > 16 supersymmetries, one has to consider either one of the eigenspaces
with 3 eigenspinors and the eigenspace with 2 eigenspinors or both of the eigenspaces
with 3 eigenspinors. In either case, one finds that all β’s vanish and so Y = 0. Then
F is electric and such solutions do not preserve N > 16 supersymmetries. Therefore
we conclude that the homogenous space Sp(2)/∆(Sp(1)) does not give rise to AdS4
backgrounds with N > 16.
Sp(2)/Sp(1)
The geometry of this homogeneous space is described in appendix D where the
definition of the generators of the algebra and expressions for the curvature and
invariant forms can be found. A left-invariant frame is given by `AmA = `
aWa +
`rT
(+)
r , where a = 1, . . . , 4 and r = 1, 2, 3. Then, the most general left-invariant
metric is
ds2 = aδab`
a`b + grs`
r`s , (2.4.75)
where a > 0 is a constant and (grs) is any constant 3× 3 positive definite symmetric
matrix.
To simplify the computations that follow, it is convenient to use the covariant
properties of the decomposition of sp(2) = so(5) as described in (D.2.2) to restrict the
number of parameters in the metric. In particular, observe that the decomposition
(D.2.2) remains invariant under the transformation of the generators
T (+)r → OrsT (+)s , Wa → UabWb , T (−)r → T (−)r , (2.4.76)
where O ∈ SO(3) and U ∈ Spin(3) ⊂ SO(4) defined as
Or
sI(+)s = UI
(+)
r U
−1 , (2.4.77)
since I
(+)
r are the gamma matrices of the Majorana spinor representation of so(3) on
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R4 = C2⊕C¯2. Furthermore notice that UI(−)r U−1 = I(−)r as U is generated by the I(+)r
which commute with all I
(−)
s . The orthogonal rotations O act on the matrix (grs) as
g → OgO−1. As (O,U) is an automorphism of so(5) which leaves the decomposition
(D.2.2) invariant, we can use O to put the matrix (grs) into diagonal form. So from
now on, without loss of generality, we set (grs) = diag(b1, b2, b3) with b1, b2, b3 > 0,
see also [123].
The left-invariant 4-forms are generated by
ψ =
1
4!
abcd`
a ∧ `b ∧ `c ∧ `d , ρrs = 1
2
rpq`
p ∧ `q ∧ I(+)s , (2.4.78)
where
I(+)s =
1
2
(I(+)s )ab `
a ∧ `b . (2.4.79)
Therefore, the 4-form flux Y can be chosen as
Y = αψ + βrsρrs , (2.4.80)
where α and βrs are constants. Then it is straightforward to find that the Bianchi
identity dY = 0 implies that
βrs = βsr . (2.4.81)
Furthermore, define σ = 1
3!
rst`
r∧`s∧`t and choose as top form dvol = a2√b1b2b3 σ∧ψ.
Then the field equation for Y , d ∗7 Y = XY , gives the linear system
3∑
r=1
brβ
rr =
√
b1b2b3Xα ,
α
2
√
b1b2b3
a2
− 1
3
∑3
r=1 brβ
rr
√
b1b2b3
=
X
3
β
(
brβ
rs + βrsbs − 2
3
δrs
3∑
t=1
btβ
tt
)
=
√
b1b2b3X(β
rs − 1
3
δrsβ) , (2.4.82)
where there is no summation over the indices r and s on the left-hand side of the
last equation and β = δrsβ
rs.
Before we proceed to investigate the solutions of the linear system, notice that
if βrs = 0, then α = 0 and so F is electric. The supersymmetry preserved by these
solutions will be investigated later. We will show that such solutions cannot preserve
94
Chapter 2. AdS4 Backgrounds with N > 16 Supersymmetries in 10 and 11
Dimensions
more than 16 supersymmetries.
Furthermore writing Y = αψ + Yβ, where Yβ = β
rsρrs, the field equation of the
warp factor in (2.4.4) can be written as
1
9
X2 +
1
18
α2a−4 +
1
432
(Yβ)
2 =
1
`2A2
. (2.4.83)
As we shall demonstrate, the compatibility of this field equation with the algebraic
KSE rules out the existence of N > 16 backgrounds.
Returning to the solutions of (2.4.82), let us focus on βrs with r 6= s. There are
several cases to consider.
Either βrs 6= 0 for all r 6= s or βrs = 0 for all r 6= s
If βrs, r 6= s, are all non-vanishing, the last equation in (2.4.82) implies that
b1 = b2 = b3 , X = 2
b1√
b1b2b3
. (2.4.84)
As a result, the metric is invariant under SO(3) and this can be used to bring βrs
into diagonal form. Of course (βrs) is also diagonal if βrs = 0 for all r 6= s.
So, without loss of generality, we can assume that (βrs) is diagonal. Setting
J1 = Γ
6714 , J2 = Γ
6723 , J3 = Γ
7524 , (2.4.85)
where all gamma matrices are in the orthonormal basis and {Γi} = {Γa,Γ4+r}, the
algebraic KSE can be written as
(1
6
[
− αa−2J1J2 + a
−1
√
b1b2b3
(√
b1β
11(J1 + J2) +
√
b2β
22J3(1 + J1J2)
+
√
b3β
33J3(J1 + J2)
)]
Γz +
1
3
XΓx
)
σ+ =
1
`A
σ+ . (2.4.86)
The decomposition of the algebraic KSE into the eigenspaces of the commuting
Clifford algebra operators J1, J2, J3 is illustrated in table 2.9.
To construct N > 16 solutions, we have to include the eigenspace with four
eigenspinors. The integrability condition of the remaining KSE described in table
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Table 2.9: Decomposition of (2.4.86) KSE into eigenspaces
|J1, J2, J3〉 relations for the fluxes
|+,+,±〉
(
1
6
[−αa−2+2 a−1√
b1b2b3
(
√
b1β
11 ±√b2β22
±√b3β33)]Γz + 13XΓx
)|·〉 = 1
`A
|·〉
|+,−,±〉 |−,+,±〉 (1
6
αa−2Γz + 13XΓx
) |·〉 = 1
`A
|·〉
|−,−,±〉
(
1
6
[−αa−2+2 a−1√
b1b2b3
(−√b1β11 ±
√
b2β
22
∓√b3β33)]Γz + 13XΓx
)|·〉 = 1
`A
|·〉
2.9 gives
1
36
α2a−4 +
1
9
X2 =
1
`2A2
. (2.4.87)
Comparing (2.4.87) with the field equation for the warp factor (2.4.83), we find that
α = βrs = 0. Therefore Y = 0, so F is electric.
β12, β13 6= 0 and β23 = 0
As the other two cases for which either β13 = 0 or β12 = 0 with the rest of the
components non-vanishing can be treated in a similar way, we take, without loss
of generality, that β23 = 0 and β12, β13 6= 0. In such a case, the last condition in
(2.4.82) gives
X =
b1 + b2√
b1b2b3
, b2 = b3 . (2.4.88)
The metric is invariant under an SO(2) ⊂ SO(3) symmetry which acts with the
vector representation on the vector (β12, β13) and leaves the form of (βrs) invariant.
As a result up to an SO(2) transformation, we can set β13 = 0 as well. Furthermore,
if b1 6= b2, the diagonal terms in the last condition in (2.4.82) give
β11 = −β22 = −β33 . (2.4.89)
On the other hand if b1 = b2 the analysis reduces to that of the previous case.
Therefore for b1 6= b2, Y can be written as
Y = αψ + β11(ρ11 − ρ22 − ρ33) + β12(ρ12 + ρ21) . (2.4.90)
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Introducing the Clifford algebra operators
J1 = cos θΓ
6714 + sin θΓ6724 , J2 = cos θΓ
5724 − sin θΓ5714 , J3 = Γ1234 , (2.4.91)
where tan θ = β12/β11, the algebraic KSE can be written as
(1
6
[
αa−2J3 +
a−1√
b1b2
(
√
b2β
11J1J2(1− J3)
+
√
(β11)2 + (β12)2(
√
b1J1 +
√
b2J2)(1− J3))
]
Γz +
1
3
XΓx
)
σ+ =
1
`A
σ+ . (2.4.92)
The decomposition of the algebraic KSE into the eigenspaces of the commuting
Clifford algebra operators J1, J2, J3 is illustrated in table 2.10.
Table 2.10: Decomposition of (2.4.92) KSE into eigenspaces
|J1, J2, J3〉 relations for the fluxes
|±,+,−〉
(
1
6
[−αa−2+ 2a−1√
b1b2
(±√b2β11
+
√
(β11)2 + (β12)2(±√b1 +
√
b2))]Γz +
1
3
XΓx
)
|·〉 = 1
`A
|·〉
|+,±,+〉 |−,±,+〉 (1
6
αa−2Γz + 13XΓx
) |·〉 = 1
`A
|·〉
|±,−,−〉
(
1
6
[−αa−2+ 2a−1√
b1b2
(∓√b2β11
+
√
(β11)2 + (β12)2(±√b1 −
√
b2))]Γz +
1
3
XΓx
)
|·〉 = 1
`A
|·〉
To construct solutions preserving more than 16 supersymmetries, we have to
include the eigenspace with four eigenspinors leading again to the integrability con-
dition (2.4.87). Comparing again with the field equations of the warp factor (2.4.83),
we deduce that F is electric.
β13 = β23 = 0 but β12 6= 0
All three cases for which only one of the three off-diagonal components of (βrs)
is non-zero can be treated symmetrically. So, without loss of generality, one can
take β13 = β23 = 0 but β12 6= 0. In this case, the last equation in (2.4.82) has four
branches of solutions depending on the choice of the b1, b2 and b3 components of the
metric.
1. b1 = b2 = b3 = b
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The last equation in (2.4.82) then implies X = 2/
√
b and the aforementioned
residual SO(3) symmetry can be used to set βrs to be diagonal.
2. b1 = b2, b2 6= b3
The last equation in (2.4.82) then implies X = 2/
√
b3 and β
33 = 0. The
aforementioned residual SO(2) symmetry can be used to put βrs into diagonal
form.
3. b2 6= b3, b1 + b2 = 2b3
The last equation in (2.4.82) then implies X = (b1 + b2)/
√
b1b2b3 and β
11 =
β22 = 0. In such a case, Y reads
Y = αψ + β33ρ33 + β
12(ρ12 + ρ21) . (2.4.93)
Choosing
J1 = Γ
1457 , J2 = Γ
2467 , J3 = Γ
1234 , (2.4.94)
the algebraic KSE can be written as
(1
6
[
αa−2J3 +
a−1√
b1b2b3
(√
b3β
33J1J2(1− J3)
−β12(
√
b2J1 −
√
b1J2)(1− J3)
) ]
Γz +
1
3
XΓx
)
σ+ =
1
`A
σ+ . (2.4.95)
The decomposition of the algebraic KSE into the eigenspaces of J1, J2, J3 is
illustrated in table 2.11. Again the eigenspace with four eigenspinors has to be
Table 2.11: Decomposition of (2.4.95) KSE into eigenspaces
|J1, J2, J3〉 relations for the fluxes
|±,+,−〉
(
1
6
[−αa−2+ 2a−1√
b1b2b3
(±√b3β33
−β12(±√b2 −
√
b1))]Γz +
1
3
XΓx
)
|·〉 = 1
`A
|·〉
|+,±,+〉 |−,±,+〉 (1
6
αa−2Γz + 13XΓx
) |·〉 = 1
`A
|·〉
|±,−,−〉
(
1
6
[−αa−2+ 2a−1√
b1b2b3
(∓√b3β33
−β12(±√b2 +
√
b1))]Γz +
1
3
XΓx
)
|·〉 = 1
`A
|·〉
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included in the construction of N > 16 backgrounds. As a result, this leads to
the integrability condition (2.4.87) which together with the warp factor field
equation (2.4.83) imply that F is electric.
4. b1 6= b2, b1 + b2 6= 2b3
The last equation in (2.4.82) then implies
X =
b1 + b2√
b1b2b3
, β11 = −β22 = β33 2b3 − b1 − b2
b1 − b2 . (2.4.96)
In such a case, Y reads
Y = αψ + β11(ρ11 − ρ22 + b1 − b2
2b3 − b1 − b2ρ33) + β
12(ρ12 + ρ21) . (2.4.97)
With the choice of commuting Clifford algebra operators as in (2.4.91), the
algebraic KSE can be written as
(1
6
[
αa−2J3 +
a−1√
b1b2b3
( (b1 − b2)√b3
b1 + b2 − 2b3β
11J1J2(1− J3)
+
√
(β11)2 + (β12)2(
√
b1J1 +
√
b2J2)(1− J3)
)]
Γz
+
1
3
XΓx
)
σ+ =
1
`A
σ+ . (2.4.98)
The decomposition of the algebraic KSE into the eigenspaces of J1, J2, J3 is
illustrated in table 2.12.
To construct N > 16 solutions, we again have to include the eigenspace with
four eigenspinors which leads to the integrability condition (2.4.87). Comparing
with the warp factor field equation (2.4.83), we once again deduce that F is
electric.
It remains to investigate the number of supersymmetries preserved by the so-
lutions for which F is electric. For this, one has to investigate the integrability
condition of the gravitino KSE (2.4.36). Using the expression for the curvature in
(D.4.3)-(D.4.6) and requiring that the solution preserves N > 16, we find that
δcaδdb(I(−)r )ab(Rcd,mnΓ
mn − 1
18
X2Γcd)σ+ = 0 , (2.4.99)
99
Chapter 2. AdS4 Backgrounds with N > 16 Supersymmetries in 10 and 11
Dimensions
Table 2.12: Decomposition of (2.4.98) KSE into eigenspaces
|J1, J2, J3〉 relations for the fluxes
|±,+,−〉
(
1
6
[−αa−2+ 2a−1√
b1b2b3
(± (b1−b2)
√
b3
b1+b2−2b3 β
11
+
√
(β11)2 + (β12)2(±√b1 +
√
b2))]Γz +
1
3
XΓx
)
|·〉 = 1
`A
|·〉
|+,±,+〉 |−,±,+〉 (1
6
αa−2Γz + 13XΓx
) |·〉 = 1
`A
|·〉
|±,−,−〉
(
1
6
[−αa−2+ 2a−1√
b1b2
(∓ (b1−b2)
√
b3
b1+b2−2b3 β
11
+
√
(β11)2 + (β12)2(±√b1 −
√
b2))]Γz +
1
3
XΓx
)
|·〉 = 1
`A
|·〉
implies
a− 1
8
δrsgrs − 1
18
a2X2 = 0 . (2.4.100)
Next requiring again that N > 16, one finds that the condition
δcaδdb(I(+)r )ab(Rcd,mnΓ
mn − 1
18
X2Γcd)σ+ = 0 . (2.4.101)
gives
δpqgpqrst − 1
2
a−1tpqgprgqs − 2gtpprs = 0 ,
−3
4
grs +
1
8
δpqgpqδrs + aδrs − 1
18
a2X2δrs = 0 . (2.4.102)
Substituting (2.4.100) into the second equation in (2.4.102), one finds after a bit of
analysis that
b1 = b2 = b3 . (2.4.103)
Setting b = b1 = b2 = b3 and substituting this back into (2.4.100) and (2.4.102), one
deduces that
2a = b , X2 = 9b−1 . (2.4.104)
As X2 = 9`−2A−2, we have b = `2A2 and a = (1/2)`2A2. The rest of the integra-
bility condition is satisfied without further conditions. Therefore, every solutions
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that preserves N > 16 supersymmetries is maximally supersymmetric and so locally
isometric to AdS4 × S7.
One can confirm this result by investigating the Einstein equation (2.4.5). As
all solutions with electric F are Einstein R
(7)
ij = (1/6)X
2δij, it suffices to identify
the left-invariant metrics on Sp(2)/Sp(1) that are Einstein. There are two Einstein
metrics [123,124] on Sp(2)/Sp(1) given by
X2 = 9b−1 , 2a = b , b1 = b2 = b3 = b , (2.4.105)
and
X2 =
81
25
b−1 , 2a = 5b , b1 = b2 = b3 = b , (2.4.106)
where the first one is the round metric on S7, see also [125]. The second one does
not give N > 16 supersymmetric solutions.
2.5 Summary
Up to local isometries, we have classified all warped AdS4 backgrounds with the
most general allowed fluxes in 10- and 11-dimensional supergravities that preserve
N > 16 supersymmetries. We have demonstrated that up to an overall scale, the
only solutions that arise are the maximally supersymmetric solution AdS4 × S7 of
11-dimensional supergravity [4, 99] and the N = 24 solution AdS4 × CP3 of IIA
supergravity [109]. These two solutions are related via dimensional reduction along
the fibre of the Hopf fibration S1 → S7 → CP3.
The assumption we have made to prove these results is that either the solutions
are smooth and the internal space is compact without boundary or that the even part
g0 of the Killing superalgebra of the backgrounds decomposes as g0 = so(3, 2)⊕t0. In
fact, these two assumptions are equivalent for N > 16 AdS4 backgrounds. It may be
possible to weaken these assumptions but they cannot be removed altogether. This
is because otherwise additional solutions will exist. For example, the maximally
supersymmetric AdS7 × S4 solution of 11-dimensional supergravity [100] can be re-
interpreted as a maximally supersymmetric warped AdS4 solution. However, in
such a case the “internal” 7-dimensional manifold M7 is not compact and the even
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subalgebra of the Killing superalgebra g0 does not decompose as so(3, 2) ⊕ t0 (cf.
sections 1.2.2 and 1.4).
We have identified all AdS4 backgrounds up to a local isometry. Therefore, we
have specified all the local geometries of the internal spaces G/H of these solutions.
However, the possibility remains that there are more solutions which arise via ad-
ditional discrete identifications Z\G/H, where Z is a discrete subgroup of Z ⊂ G.
The AdS4 × Z\G/H solutions will preserve at most as many supersymmetries as
the AdS4 × G/H solutions. As in IIB and massive IIA supergravities there are no
N > 16 AdS4 × G/H solutions, there are no N > 16 AdS4 × Z\G/H solutions ei-
ther. In IIA theory, the possibility remains that there can be AdS4×Z\CP3 solutions
with 24 and 20 supersymmetries. In D = 11 supergravity as AdS4 × S7 preserves
32 supersymmetries, there may be AdS4 × Z\S7 solutions preserving 28, 24 and 20
supersymmetries. Such solutions have been used in the context of AdS/CFT in [7].
A systematic investigation of all possible N > 16 AdS4 × Z\G/H backgrounds will
involve the identification of all discrete subgroups of G. The relevant groups here are
SU(4) and Spin(8), see e.g. [126] for an exposition of discrete subgroups of SU(4)
and references therein.
It is clear from our results on AdS4 backgrounds that supersymmetric AdS solu-
tions which preserve N > 16 supersymmetries in 10- and 11-dimensions are severely
restricted. Consequently there are few gravitational duals for superconformal theories
with a large number of supersymmetries which have distinct local geometries. For
example, the superconformal theories of [101–103] have gravitational duals which
are locally isometric to the AdS5 × S5 maximally supersymmetric background as
there are no distinct local AdS5 geometries that preserve strictly 24 supersymme-
tries [97]. In general, our results also suggest that there may not be a large number
of backgrounds that preserve N > 16 supersymmetries in 10- and 11-dimensional
supergravities.
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A Non-existence Theorem for N > 16
Supersymmetric AdS3 Backgrounds
In this chapter, we show that there are no smooth warped AdS3 solutions with a
compact without boundary internal manifold in 10- and 11-dimensional supergrav-
ities preserving strictly more than 16 supersymmetries. The following work was
conducted in collaboration with Alexander Haupt and George Papadopoulos and
published in [9].
3.1 Introduction
The main purpose of this chapter is to complete the classification of AdS backgrounds
that preserve strictly more than 16 supersymmetries in 10- and 11-dimensional su-
pergravities. After our analysis of AdS4 solutions in chapter 2, the only class of
backgrounds that remains to be investigated are the warped AdS3 backgrounds with
the most general allowed fluxes in 10-dimensional type II and 11-dimensional super-
gravity theories preserving N > 16 supersymmetries. For these, we shall demonstrate
a non-existence theorem provided that the solutions are smooth and their internal
spaces are compact manifolds without boundary. It suffices to establish the non-
existence theorem up to local isometries. The more general result follows, as there
are no new geometries that can be constructed by taking quotients by discrete groups.
The method used to establish this result again relies on a number of previously
mentioned recent developments, namely the integration of the KSEs along the AdSn
subspace [75–77], the homogeneity theorem (cf. section 1.3), as well as the classifi-
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cation of the Killing superalgebras (cf. section 1.4). Then the strategy of the proof
is as follows. First, one establishes that for all AdS3 ×w MD−3 backgrounds that
preserve N > 16 supersymmetry, the warp factor is constant. Therefore, the geome-
try is a product AdS3 ×MD−3. To show this, either one uses that the solutions are
smooth and the internal space is compact without boundary as well as techniques
from the proof of the homogeneity theorem or that the even subalgebra g0 of the
Killing superalgebra g of AdS3×wMD−3 decomposes as g0 = iso(AdS3)⊕ iso(MD−3),
where iso(AdS3) is the isometry algebra of AdS3 and iso(M
D−3) = t0 is the isometry
algebra of the internal space MD−3.
Having established that the N > 16 AdS3 backgrounds are products, AdS3 ×
MD−3, and that g0 = iso(AdS3)⊕t0, where t0 is an algebra of isometries on MD−3, we
obtain by virtue of the homogeneity theorem that the internal space is a homogeneous
space G/H with LieG = t0. In addition, the theorem requires that all fields are
invariant under the left action of G on G/H.
The final part of the proof involves the identification of all homogeneous spaces1
in seven and eight dimensions that admit a transitive and an almost effective action
of a group G with Lie algebra t0. For t0 semisimple, one can identify the relevant
homogeneous spaces using the classification results of (simply connected) 7- and 8-
dimensional homogeneous manifolds in [112–116]; for a concise description see [113].
We also need to find a procedure to help us determine whether a t0 can act effectively
on a given homogeneous space G/H. In section 3.2, we refer to this as “modification”
of a homogeneous space. A similar approach can be used for the case that t0 is not
semisimple. After identifying all the suitable homogeneous spaces, a substitution of
the geometric data into the field equations and KSEs of supergravity theories in 10-
and 11-dimensions establishes our non-existence theorem.
Before we proceed with the proof, let us investigate the necessity for the as-
sumptions we have made. First, one can establish that if AdS3 ×w MD−3 is smooth
and MD−3 is compact without boundary, then the even subalgebra of the Killing
superalgebra of AdS3 ×w MD−3 will decompose as g0 = iso(AdS3) ⊕ t0 [91]. The
requirement that MD−3 must be compact without boundary may be weakened but
not completely removed. If it is removed, then g0 may not decompose as stated
above. In addition, the warp factor of AdS3 ×w MD−3 backgrounds with N > 16
1As we are investigating supersymmetric backgrounds, we require that all the internal spaces
are spin.
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supersymmetries may not be constant and there exist AdS3 backgrounds that pre-
serve N > 16 supersymmetries, see [80] for a detailed exposition. In particular the
maximally supersymmetric AdS4×S7 and AdS7×S4 backgrounds of 11-dimensional
supergravity can be viewed as warped AdS3 backgrounds but the internal spaces are
not compact without boundary.
This chapter is organised as follows. In section 3.2, we describe the Killing su-
peralgebras of AdS3 backgrounds and introduce the notion of a modification of a
homogeneous space, which will allow us to test whether an algebra can act effec-
tively on a given space. In sections 3.3, 3.4 and 3.5 we prove the main result of this
chapter for 11-dimensional, IIA and IIB supergravities, respectively. Our conven-
tions can be found in A. In appendix E, we present some aspects of the structure of
homogeneous spaces admitting a transitive action by a compact but not semisimple
Lie group which are useful in the proof of our results. In appendix F, we describe
the geometry of the homogeneous space Nk,l.
3.2 Symmetries of AdS3 backgrounds
3.2.1 Killing superalgebras of AdS3 backgrounds
Since AdS3 is locally a group manifold, the Killing superalgebras of warped AdS3
backgrounds with the most general allowed fluxes decompose as g = gL ⊕ gR, where
gL and gR are associated with the left and right actions. The left and right Killing
superalgebras gL and gR have been identified in [91]. This has been done under
the assumption that either the internal space is compact without boundary or that
the even subalgebra decomposes as (gL)0 = sl(2,R)L ⊕ (tL)0 and similarly for gR.
As g0 = iso(AdS3) ⊕ t0 = (gL)0 ⊕ (gR)0, iso(AdS3) is isomorphic to either sl(2,R)L
or sl(2,R)R if the background has only either left or right supersymmetries, respec-
tively, or iso(AdS3) = sl(2,R)L ⊕ sl(2,R)R if the background has both left and right
supersymmetries. Furthermore t0 = (tL)0 ⊕ (tR)0.
It has been shown in [91] that for AdS3 backgrounds t0 may not be semisimple
and in addition may admit central terms c which commute with all other generators
of the superalgebra. We shall show below that in all cases bar one cL = {0}. If
cL 6= {0}, it will have at most dimension 3. The left and right superalgebras are
isomorphic and so it suffices to present only the left ones. These are tabulated in
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table2 3.1.
3.2.2 Central terms
We shall focus on gL, as the description that follows below also applies to gR. It
has been observed in [91] that the Killing superalgebras of AdS3 backgrounds may
exhibit central terms. Such terms may occur in all cases apart from osp(n|2) and
D(2, 1, α). However, it has been shown in [91] that both f(4) and g(3) do not admit
central extensions. The superalgebra sl(2|2)/14×4 can exhibit up to three central
terms though. This is because sl(2|2)/14×4 arises as a special case of D(2, 1, α)
at certain values of the parameter α. For those values, three of the R-symmetry
generators of D(2, 1, α) span the R-symmetry algebra so(3) of sl(2|2)/14×4 and the
other three become central.
It can also be shown that sl(n|2), n > 2 and osp(4|2n), n > 1, do not exhibit
central terms either. This can be seen after an analysis of the condition
αrsr′
tV˜ts′ − αrss′ tV˜tr′ + αr′s′rtV˜ts − αr′s′stV˜tr = 0 , (3.2.1)
of [91], where V˜rs = −V˜sr are the generators of (tL)0 and α is described in [91]. For
sl(n|2), n > 2, the central terms that can occur are (2,0) and (0,2) components of
the V˜ . However one can show that these do not satisfy (3.2.1) unless they vanish.
Thus c = {0}.
It remains to investigate the superalgebra with (tL)0/cL = sp(n) ⊕ sp(1). The
central generators that may occur are the V˜ which lie in the complement of sp(n)⊕
sp(1) in so(4n). Taking the trace of (3.2.1) with one of the three complex structures
that are associated with sp(n)⊕ sp(1), one can demonstrate that all such generators
V˜ must also vanish. Thus again c = {0}. Therefore, apart from sl(2|2)/14×4, all the
other superalgebras in table 3.1 do not admit central terms.
3.2.3 On the G/H structure of internal spaces
We shall demonstrate later that the spacetime of all AdS3 backgrounds that preserve
more than 16 supersymmetries in 10- and 11-dimensional supergravities is a product
2Throughout this thesis sp(n), n ≥ 1, denotes the compact symplectic Lie algebras. These have
been denoted with sp∗(n) in [91] to distinguish them from the non-compact ones.
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Table 3.1: AdS3 Killing superalgebras in type II and 11D
NL gL/cL (tL)0/cL dim cL
2n osp(n|2) so(n) 0
4n, n > 2 sl(n|2) u(n) 0
8n, n > 1 osp(4|2n) sp(n)⊕ sp(1) 0
16 f(4) spin(7) 0
14 g(3) g2 0
8 D(2, 1, α) so(3)⊕ so(3) 0
8 sl(2|2)/14×4 su(2) ≤ 3
AdS3 × MD−3 and that MD−3 is a homogeneous space MD−3 = G/H such that
LieG = t0. Of course, G acts transitively on M
D−3. In addition, G is required to act
“almost effectively” on MD−3. This means that the map of LieG into the space of
Killing vector fields of MD−3 is an inclusion, i.e. for every generator of LieG there
is an associated non-vanishing Killing vector field on MD−3. We shall also refer to
this property as LieG acting “effectively” on MD−3. This latter property is essential
as otherwise the super-Jacobi identities of the AdS Killing superalgebra will not be
satisfied. It is also essential for the identification of the manifolds that can arise
as internal spaces of all AdS, and in particular AdS3, backgrounds preserving some
supersymmetry.
For AdS3 backgrounds, there are two cases to consider. The first case arises,
whenever t0 is a simple Lie algebra. Then the internal spaces can be identified, up
to a factoring with a finite group, using the classification of the simply connected 7-
and 8-dimensional homogeneous spaces in [112–116]. This is sufficient to identify the
internal spaces of all such AdS3 backgrounds that preserve N > 16 supersymmetries.
However for most AdS3 backgrounds t0 is not simple. Typically, it is the sum
of two Lie algebras, t0 = (tL)0 ⊕ (tR)0, one arising from the left sector and another
from the right sector. In addition, it may not be semisimple. For example, we
have seen that t0 = u(3) = su(3) ⊕ u(1) for the sl(3|2) Killing superalgebra and
t0 = su(2)⊕ c for the sl(2|2)/14×4 superalgebra with a central term c. Furthermore,
t0 is not semisimple for all AdS3 backgrounds that exhibit either NL = 4 or NR = 4
supersymmetries. Given that t0 may not be simple, the question then arises how one
can decide, given a G′/H ′ space from the classification results of [112–116] whether
t0 acts both transitively and effectively on G
′/H ′.
Let us illustrate this with some examples. It is known that both U(n) and
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SU(n) act transitively and effectively on S2n−1. Thus S2n−1 = U(n)/U(n − 1)
and S2n−1 = SU(n)/SU(n − 1). However for n > 2, it is u(n) which appears as
a subalgebra of sl(n|2) and so u(n) is expected to act transitively and effectively
on the internal spaces instead of su(n). From this perspective U(n)/U(n − 1) can
arise as a potential internal space of an AdS3 background whereas SU(n)/SU(n−1)
should be discarded. Since it is not apparent which description is used for a given
homogeneous space in the classification results but it is essential for the classification
of AdS3 backgrounds, let us investigate the above paradigm further. To see how
S2n−1 = SU(n)/SU(n − 1) can be modified to be written as a U(n)/U(n − 1),
consider the group homomorphism i from SU(n− 1)× U(1) into SU(n) as
(A, z)
i−→
(
Az 0
0 z1−n
)
. (3.2.2)
In fact i has kernel Zn−1 and so factors to U(n − 1). Next consider SU(n) × U(1)
and the group homomorphism j of SU(n− 1)× U(1) into SU(n)× U(1) as
(A, z)
j−→
((
Az 0
0 z1−n
)
, zn−1
)
. (3.2.3)
Again j has kernel Zn−1 and so factors to U(n−1). Then SU(n)×U(1)/j(SU(n−1)×
U(1)) = S2n−1 with SU(n) × U(1) acting almost effectively on S2n−1. Furthermore
one can verify that U(n) = (SU(n)×U(1))/Zn acts effectively on S2n−1, as expected.
The key point of the modification described above is the existence of U(1) ⊂
SU(n) such that SU(n− 1)×U(1) ⊂ SU(n) and that this U(1) acts on both SU(n)
and the U(1) subgroup of SU(n) × U(1). Observe that after the modification the
isotropy group is larger and so the invariant geometry of S2n−1 as a U(n)/U(n− 1)
homogeneous space is more restrictive than that of S2n−1 = SU(n)/SU(n− 1).
Another example that illustrates a similar point and which will be used in the
analysis that follows is S7 = Sp(2)/Sp(1). It is known that S7 can also be described
as S7 = Sp(2) · Sp(1)/Sp(1) · Sp(1), where Sp(2) · Sp(1) = Sp(2) × Sp(1)/Z2 and
similarly for Sp(1) · Sp(1). The modification required to describe S7 as an Sp(2) ·
Sp(1)/Sp(1) ·Sp(1) coset starting from Sp(2)/Sp(1) is as follows. View the elements
of Sp(2) as 2 × 2 matrices with quaternionic entries and consider the inclusion i of
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Sp(1)× Sp(1) in Sp(2) as
(x, y)
i−→
(
x 0
0 y
)
, (3.2.4)
where x and y are quaternions of length one. Then the map j from Sp(1) × Sp(1)
into Sp(2)× Sp(1) is constructed as
(x, y)
j−→
((
x 0
0 y
)
, y
)
. (3.2.5)
One finds that Sp(2)× Sp(1)/j(Sp(1)× Sp(1)) is diffeomorphic to S7, with Sp(2)×
Sp(1) acting almost effectively and descending to an effective action of Sp(2) ·Sp(1).
Again the additional Sp(1) introduced in the isotropy group acts both on Sp(2) and
the additional Sp(1) introduced in the transitive group. The geometry of the ho-
mogeneous space S7 = Sp(2) · Sp(1)/Sp(1) · Sp(1) is more restrictive than that of
S7 = Sp(2)/Sp(1). In fact, the former is a special case of the latter. As a final exam-
ple SU(2)× SU(2)/SU(2) can be seen as a modification of the homogeneous space
SU(2)/{e}. From now on we shall refer to such constructions as “modifications” of
a homogeneous space.
On the level of Lie algebras the modifications can be viewed as follows. Suppose
t0 decomposes as t0 = k ⊕ e, where k and e are Lie algebras, and that there is a
homogeneous space K/L with Lie(K) = k. To see whether K/L can be modified to
admit an effective action of the whole t0 algebra, it is first required that l ⊕ e is a
subalgebra of k, where LieL = l. Then, up to possible discrete identifications, K/L
can be modified to K × E/L× E, where now E with LieE = e acts on both the K
and E subgroups of the transitive group.
All 7- and 8-dimensional K/L homogeneous spaces with K semisimple are known
up to possible modifications. Because of this, for t0 semisimple, one can systemati-
cally search for all modifications of K/L homogeneous spaces to determine whether a
Lie algebra t0 can act transitively and effectively on a modified homogenous space. If
t0 is not semisimple, we have argued in appendix E that up to discrete identifications
one can construct all the homogeneous spaces G/H with LieG = t0 as the product
of a modification of K/L with the abelian group ×kU(1), where K is semisimple.
As we shall see the modifications of homogeneous spaces are necessary to identify
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all possible internal spaces of AdS3 backgrounds that can preserve some supersym-
metry. For such modifications of K/L to exist, a necessary condition is that the
rank of L must be strictly smaller than that of K. It turns out that this is rather
restrictive in the analysis that follows.
Let us now turn to investigate the homogeneous geometry of a modification K ×
E/L×E of the homogenous K/L space. One can show that this can be explored as a
special case of that of K/L. Indeed suppose that k = l⊕m. Then, we observe that we
can choose the generators of Lie(K×E) such that Lie(K×E) = j(l⊕ e)⊕m, where
j : l⊕ e→ k⊕ e is the inclusion of the modification. Therefore, the tangent space
at the origin of the original K/H space and that of the modification K × E/L× E
can be identified with the same vector space m. The only difference is that m as the
tangent space at the origin of K/L is the module of a representation of l while after
the modification m is the module of a representation of l ⊕ e. Thus, all the local
homogeneous geometry of the modification K × E/L × E is that of K/L which in
addition is invariant under the representation of e on m.
3.3 N > 16 AdS3 ×w M 8 solutions in 11 dimensions
3.3.1 Fields
We consider warped AdS3 backgrounds with internal space M
8, AdS3×wM8, and the
most general allowed fluxes invariant under the symmetries of the AdS3 subspace.
The bosonic fields of 11-dimensional supergravity are a metric ds2 and a 4-form field
strength F . Following the description of AdS3×wM8 backgrounds presented in [75],
these can be written as
ds2 = 2du(dr + rh) + A2dz2 + ds2(M8) ,
F = du ∧ (dr + rh) ∧ dz ∧Q+X , (3.3.1)
where (u, r, z) are the coordinates of AdS3,
h = −2
`
dz − 2A−1dA , (3.3.2)
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` is the AdS3 radius, A is the warp factor which is a function of M
8, and Q and
X are a 1-form and 4-form on M8, respectively. The dependence of the fields on
the AdS3 coordinates (u, r, z) is explicit, while ds
2(M8), A,Q,X depend only on the
coordinates yI of M8. Next we define a null orthonormal frame as
e+ = du , e− = dr + rh , ez = Adz , ei = eiIdy
I , (3.3.3)
with ds2(M8) = δije
iej. The Bianchi identity dF = 0 of F implies that
d(A2Q) = 0 , dX = 0 . (3.3.4)
The field equations for F give that
d ∗8 X = −3d logA ∧ ∗8X − A−1Q ∧X , (3.3.5)
and
d(A−1 ∗8 Q) = −
1
2
X ∧X , (3.3.6)
where our Hodge duality conventions can be found in appendix A. Similarly, the
Einstein equation along AdS3 gives rise to a field equation for the warp factor A
A−1∇k∇kA+ 2A−2∇kA∇kA+ 2
`2A2
=
1
3A2
Q2 +
1
144
X2 , (3.3.7)
and the Einstein equation along M8 reads
R
(8)
ij = 3A
−1∇i∇jA− 1
2
A−2QiQj +
1
12
X2ij + δij
(
1
6
A−2Q2 − 1
144
X2
)
, (3.3.8)
where R
(8)
ij is the Ricci tensor of the internal manifold M
8. Note in particular that
(3.3.7) implies that A is nowhere vanishing, provided that A and all other fields are
smooth.
3.3.2 The Killing spinors
Here, we summarise the solution of the gravitino KSE in 11-dimensional supergrav-
ity for warped AdS3 ×w M8 backgrounds in [75]. In this approach, the KSE of
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11-dimensional supergravity is first solved along the AdS3 subspace and then the
remaining independent KSEs along the internal space M8 are identified. The Killing
spinors can be expressed3 as
 =σ+ + e
− z
` τ+ + σ− + e
z
` τ− − `−1uA−1Γ+zσ− − `−1rA−1e− z` Γ−z τ+ , (3.3.9)
where the dependence on the AdS3 coordinates is explicit and σ± and τ± are Majo-
rana Spin(10, 1) spinors that depend only on the coordinates of M8 and satisfy the
light-cone projections
Γ±σ± = 0 , Γ±τ± = 0 . (3.3.10)
The remaining independent KSEs on M8 are
∇(±)i σ± = 0 , ∇(±)i τ± = 0 , (3.3.11)
and
Ξ(±)σ± = 0 , (Ξ(±) ± 1
`
)τ± = 0 , (3.3.12)
where
∇(±)i = ∇i ±
1
2
∂i logA− 1
288
/ΓX i +
1
36
/X i ∓
1
12
A−1Γz /ΓQi ±
1
6
A−1ΓzQi , (3.3.13)
Ξ(±) = ∓ 1
2`
− 1
2
Γz /∂A+
1
288
AΓz /X ± 1
6
/Q . (3.3.14)
The conditions (3.3.11) can be thought of as the restriction of the gravitino KSE of 11-
dimensional supergravity on M8 while (3.3.12) arises from integrating the gravitino
KSE along the AdS3 subspace.
To make a connection with the terminology used to describe the Killing superal-
gebras of AdS3 backgrounds in section 3.2, the Killing spinors  that depend only on
the σ± type of spinors are in the left sector while those that depend on τ± spinors
are in the right sector. The existence of unrelated4 σ± and τ± types of spinors is
the reason that the Killing superalgebra g of AdS3 decomposes as g = gL ⊕ gR.
Furthermore, it has been noted in [75] that if σ+ and τ+ solve the KSEs (3.3.11) and
3The gamma matrices are always taken with respect to the null-orthonormal frame (3.3.3).
4In AdSn, n > 3, backgrounds the σ± and τ± spinors are related by Clifford algebra operations.
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(3.3.12), so do
σ− = AΓ−zσ+ , τ− = AΓ−zτ+ . (3.3.15)
Therefore the number of Killing spinors N = NL+NR of AdS3 backgrounds is always
even, where NL and NR is the number of Killing spinors of the left and right sector,
respectively.
3.3.3 For N > 16 AdS3 solutions M
8 is homogeneous
Factorization of Killing vectors
It has been shown in [91] that for compact without boundary internal spaces M8, the
even part of the Killing superalgebra g0 decomposes into the algebra of symmetries
of AdS3 and those of the internal space M
8. This, together with the homogeneity
theorem of [85], can be used to show that the internal space M8 is homogeneous for
N > 16 backgrounds.
For AdS3 backgrounds, the condition [91] for g0 = iso(AdS3)⊕ t0 is
〈τ+,Γizσ+〉 = 0 , (3.3.16)
for all σ+ and τ+ spinors that satisfy (3.3.11) and (3.3.12). This can be derived
using the compactness of M8 as follows. Setting Λ = σ+ + τ+ and making use of the
gravitino KSE (3.3.11), one finds
∇i ‖ Λ ‖2= − ‖ Λ ‖2 A−1∇iA+ 1
144
〈Λ, /ΓX iΛ〉 −
1
3
A−1Qi〈Λ,ΓzΛ〉 . (3.3.17)
Now, note that the algebraic KSE (3.3.12) implies
1
`
(σ+ − τ+) = (−Γz/dA+ A
144
Γz /X +
1
3
/Q) Λ , (3.3.18)
which, after multiplying by A−1Γiz and substituting back into (3.3.17), gives
∇i ‖ Λ ‖2= 2`−1A−1〈τ+,Γizσ+〉 . (3.3.19)
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Furthermore, the gravitino KSE (3.3.11) also yields
∇i (A〈τ+,Γizσ+〉) = 0 . (3.3.20)
Combining this with (3.3.19), one ends up with
∇2 ‖ Λ ‖2 +2A−1∇iA∇i ‖ Λ ‖2= 0 . (3.3.21)
The Hopf maximum principle then implies that ‖ Λ ‖2 is constant, thus (3.3.19)
yields (3.3.16).
One consequence of (3.3.16) is that the linearly independent spinors σ+ and τ+,
on account of (3.3.12), are also orthogonal
〈τ+, σ+〉 = 0 . (3.3.22)
One can see this by taking 〈τ+,Ξ(+)σ+〉−〈σ+, (Ξ(+) +`−1)τ+〉 = 0 and using (3.3.16).
A is constant and M8 is homogeneous
Let us define the spinor bilinear
Wi = A Im〈χ1,Γizχ2〉 , (3.3.23)
where χ either stands for σ+ or τ+ . The gravitino KSE (3.3.11) then implies
∇(iWj) = 0 , (3.3.24)
i.e. W is a Killing vector5 on M8. From (3.3.16) it follows that the only non-vanishing
Killing vector fields W are those that are constructed as bilinears of either σ+ or τ+
spinors.
As a consequence of the algebraic KSEs (3.3.12), one has Im〈σ1+,Ξ(+)σ2+〉 = 0 and
Im〈τ 1+, (Ξ(+) + `−1)τ 2+〉 = 0. Expanding these, one finds that
iWdA = 0 , (3.3.25)
5If the bilinear in (3.3.16) does not vanish, then the associated W is not a Killing vector over
the whole spacetime.
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Table 3.2: 8-dimensional compact, simply connected, homogeneous spaces
M8 = G/H
(1) SU(3), group manifold
(2) Sp(3)
Sp(2)×Sp(1) = HP
2, symmetric space
(3) SU(5)
S(U(4)×U(1)) = CP
4, symmetric space, not spin
(4) Spin(9)
Spin(8)
= S8, symmetric space
(5) Sp(2)
T 2
, T 2 ⊂ Sp(2) maximal torus
(6) G2
SO(4)
, symmetric space
(7) SU(4)
S(U(2)×U(2)) = G2(C
4) = SO(6)
SO(4)×SO(2) = G2(R
6), Grassmannian, symmetric space
(8) SU(2)×SU(2)×SU(2)
∆k,l,m(U(1))
(9) S2 × S6
(10) S2 × CP3
(11) S2 × SU(3)
T 2
(12) S2 ×G2(R5), not spin
(13) S3 × S5
(14) S3 × SU(3)
SO(3)
, not spin
(15) S4 × S4
(16) S4 × CP2, not spin
(17) CP2 × CP2, not spin
(18) S2 × S2 × S4
(19) S2 × S3 × S3
(20) S2 × S2 × S2 × S2
(21) S2 × S2 × CP2, not spin
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where W is a bilinear of either σ+ or τ+ spinors.
As we have mentioned, (3.3.16) implies that the only non-vanishing Killing vectors
W on M8 are those constructed from either σ+ or τ+ spinors. Therefore (3.3.25) will
be valid for all non-vanishing Killing vectors W on M8. Suppose now that N > 16.
A similar argument to that used for the proof of the homogeneity theorem in [85]
implies that the set of all Killing vectors W span the tangent space of M8. Thus, A
is constant and M8 is homogeneous. It should be noted that if (3.3.16) is not valid,
then the vector fields W in (3.3.25) may not span all Killing vectors on M8.
Therefore we conclude that all N > 16 supersymmetric AdS3 backgrounds are
products AdS3×M8, where M8 is a homogeneous space. In the analysis that follows,
which includes that of AdS3 backgrounds in type II 10-dimensional supergravities,
we shall focus only on such product spaces.
3.3.4 Electric solutions do not preserve 16 < N < 32 super-
symmetries
A consequence of the warp factor being constant is that it rules out the existence of
electric solutions that preserve 16 < N < 32 supersymmetries. Indeed, for electric
solutions X = 0. The algebraic KSE (3.3.12) on σ+ reduces to
1
3
/Qσ+ =
1
`
σ+ , (3.3.26)
which implies the integrability condition
1
9
Q2 =
1
`2
. (3.3.27)
On the other hand the field equation for the warp factor (3.3.7) yields 1
6
Q2 = 1
`2
which is a contradiction as the radius of AdS3 is finite.
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3.3.5 N > 16 solutions with left only supersymmetry
Suppose first that the solutions only have left-hand supersymmetry. In such a case,
the Lie algebras that must act transitively and effectively on the internal spaces are
so(n)L , n = 9, · · · , 15 , (N = 2n) ;
u(n)L , n = 5, 6, 7 , (N = 4n) ;
(sp(3)⊕ sp(1))L , N = 24 , (3.3.28)
where N < 32 as there are no AdS3 solutions which preserve maximal supersym-
metry. Furthermore, solutions that preserve N = 30 supersymmetries have already
been excluded in [127]. An inspection of the list of homogeneous spaces reveals that
the only possibility that can occur is S8 = Spin(9)/Spin(8) which can preserve 18
supersymmetries. However S8 is a symmetric space and there are no invariant 1-
and 4-forms. Thus Q = X = 0 which in turn implies F = 0. This leads to a
contradiction, as the field equation for the warp factor cannot be satisfied.
3.3.6 N > 16 solutions with NR = 2
For NR = 2 there are no right isometries and so all the symmetries of the inter-
nal space are generated by (tL)0. The Lie algebras (tL)0 that act transitively and
effectively on the internal spaces are
so(n)L , n = 8, · · · , 14 , (N = 2n+ 2) ;
u(n)L , n = 4, · · · , 7 , (N = 4n+ 2) ;
(sp(n)⊕ sp(1))L , n = 2, 3 , (N = 8n+ 2) ;
spin(7)L (N = 18) , (3.3.29)
where the last case is associated with the Killing superalgebra f(4). An inspection
of the 8-dimensional homogeneous spaces in table 3.2 reveals that there are only two
possibilities that can occur
S8 = Spin(9)/Spin(8) (N = 20) ,
CP3 × S2 = Sp(2)/(Sp(1)× U(1))× Sp(1)/U(1) (N = 18) . (3.3.30)
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Observe that G2(C4) = SU(4)/S(U(2)×U(2)) could have been included as a poten-
tial internal space of an AdS3 background with N = 18 supersymmetries, provided
that it admitted an effective u(4) action. However, this is not the case, since the
rank of the isotropy group S(U(2) × U(2)) is the same as that of SU(4) and so it
does not admit a modification such that U(4) acts almost effectively on G2(C4). For
confirmation, we have also excluded this case with an explicit calculation which we
shall not present here.
In addition AdS3 × S8 can also be excluded as a solution with an identical argu-
ment to the one we produced in the previous case with no right-handed supersym-
metries. The remaining case is investigated below.
CP3 × S2 = Sp(2)/(Sp(1)× U(1))× SU(2)/U(1)
For the analysis that follows, we use the description of the geometry of the homoge-
neous space Sp(2)/(Sp(1)×U(1)) presented in [8], where more details can be found.
The metric on the internal space CP3 × S2 is
ds2(M8) = ds2(CP3) + ds2(S2) , (3.3.31)
where
ds2(CP3) = a δij`i`j + b δrs`r`s , ds2(S2) = c
(
(`7)2 + (`8)2
)
, (3.3.32)
and (`i, `r), i = 1, . . . , 4, r = 1, 2 is a left-invariant frame6 on CP3 and (`7, `8) is
a left-invariant frame on S2. Moreover a, b, c > 0 are constants. As there are no
invariant 1-forms Q = 0. The most general invariant 4-form is
X = 1
2
α1 I
(+)
3 ∧ I(+)3 + α2 ω˜ ∧ I(+)3 + α3 σ ∧ ω˜ + α4 σ ∧ I(+)3 , (3.3.33)
where α1, . . . , α4 are constants, I
(+)
3 = `
12 + `34 and ω˜ = `12 are invariant 2-forms on
CP3 whose properties can be found in [8] and σ = `78.
The closure and co-closure of X give a relation between α1 and α2, and between
α3 and α4, but they are not essential here. Also X ∧X = 0 implies that α1α3 = 0.
6In [8], the left-invariant frame on CP3 has been denoted as (`a, `r) a = 1, . . . , 4, r = 1, 2 instead.
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Table 3.3: Decomposition of (3.3.34) into eigenspaces
|J1, J2, J3〉 relations for the fluxes
|±,±,+〉 1
6
(
α1
a2
∓ 2α2
ba
− α3
bc
± 2α4
ac
)
= 1
`A
|+,−,±〉, |−,+,±〉 1
6
(
α1
a2
± α3
bc
)
= ± 1
`A
|±,±,−〉 1
6
(
α1
a2
∓ 2α2
ba
+ α3
bc
∓ 2α4
ac
)
= − 1
`A
On the other hand the algebraic KSE (3.3.12) can be written as
1
6
(α1
a2
J1J2 − α2
ba
(J1 + J2)− α3
bc
J3 +
α4
ac
(J1 + J2)J3
)
J1J2J3σ+ =
1
`A
σ+ , (3.3.34)
where J1 = Γ
1212, J2 = Γ
3412 and J3 = Γ
7812. We have chosen the orientation
such that Γzσ+ = −J1J2J3σ+. The decomposition of the algebraic KSE into the
eigenspaces of J1, J2 and J3 as well as the relations implied amongst the fluxes for
each eigenspace can be found in table 3.3.
As each common eigenspace of J1, J2 and J3 has dimension two for solutions with
N > 16 supersymmetries one has always to consider either one of the eigenspinors
|+,−,±〉 and |−,+,±〉 or all the eigenspinors |±,±,+〉 and |±,±,−〉. In the former
case, we have that
1
36
(α1
a2
+
α3
bc
)2
=
1
`2A2
, (3.3.35)
where we have chosen, without loss of generality, the eigenvalue +1 of J3. Taking
the difference of the equation above with the warp factor field equation
1
12
(α21
a4
+
2α22
b2a2
+
α23
b2c2
+
2α24
a2c2
)
=
1
`2A2
, (3.3.36)
we find that α1 = α2 = α3 = α4 = 0, and so X = 0, which is a contradiction. In
the latter case we have that α1 = α2 = α4 = 0 and
1
6
α3
bc
= − 1
`A
. Comparing this
with the warp factor field equation above again leads to a contradiction. There are
no solutions with internal space Sp(2)/(Sp(1) × U(1)) × SU(2)/U(1) that preserve
N > 16 supersymmetries.
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3.3.7 N > 16 solutions with NR = 4
The only right superalgebra that gives rise to 4 supersymmetries is osp(2|2) which
in turn leads to an so(2)R right-handed symmetry. Therefore the Lie algebras that
act both transitively and effectively on the internal spaces M8 are
so(n)L ⊕ so(2)R , n = 7, · · · , 13 , (N = 2n+ 4) ;
u(n)L ⊕ so(2)R , n = 4, 5, 6 , (N = 4n+ 4) ;
(sp(n)⊕ sp(1))L ⊕ so(2)R , n = 2, 3 , (N = 8n+ 4) ;
spin(7)L ⊕ so(2)R , (N = 20) ;
(g2)L ⊕ so(2)R , (N = 18) . (3.3.37)
Up to a finite cover, the allowed homogeneous spaces are
Spin(7)/G2 × S1 , (N = 18, 20) ; Spin(8)/Spin(7)× S1 , (N = 20) ;
S7 × S1 = U(4)/U(3)× S1 , (N = 20) ;
S7 × S1 = (Sp(2)× Sp(1))/(Sp(1)× Sp(1))× S1 , (N = 20) ;
S4 × S3 × S1 = Spin(5)/Spin(4)× SU(2)× S1 , (N = 20) . (3.3.38)
Observe that all the cases that arise, up to discrete identifications, are products
of 7-dimensional homogeneous spaces with S1. This is because it is not possible to
modify the 8-dimensional homogeneous spaces which admit an effective and transitive
action of the (tL)0 Lie algebras in (3.3.37) to homogeneous spaces on which t0 =
(tL)0⊕ so(2)R acts transitively and effectively. Note that this is due to the fact that
for all candidate homogeneous spaces which may occur the rank of the isotropy group
is the same as the rank of (tL)0.
However a modification has been used to include the homogeneous space S7 ×
S1 = (Sp(2) × Sp(1))/(Sp(1) × Sp(1)) × S1. An AdS3 solution with internal space
Sp(2)/Sp(1)× S1, is expected to preserve N = NL +NR = 10 + 4 = 14 < 16 super-
symmetries as sp(2) = so(5) and so should be discarded, while with internal space
(Sp(2) × Sp(1))/(Sp(1) × Sp(1)) × S1 we expect it to preserve N = 20 supersym-
metries, as it is associated with the (sp(n)⊕ sp(1))L ⊕ so(2)R subalgebra in (3.3.37)
and therefore we need to include it. We have also used a modification to include
S7×S1 = U(4)/U(3)×S1 as a candidate space, since S7×S1 = SU(4)/SU(3)×S1
should have been discarded.
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The coset space Spin(8)/Spin(7)×S1 can immediately be excluded as the 4-form
field strength F is electric and we have shown there are no electric solutions which
preserve 16 < N ≤ 32 supersymmetries. It remains to investigate the rest of the
cases.
Spin(7)/G2 × S1
The metric on the homogeneous space Spin(7)/G2 × S1 can be chosen as
ds2(M8) = ds2(Spin(7)/G2) + ds
2(S1) = a δij`
i`j + b (`8)2
= δije
iej + (e8)2 , (3.3.39)
where the geometry of Spin(7)/G2 can be found in [8] whose conventions we follow,
a, b > 0 are constants and `8 is an invariant frame on S1, d`8 = 0.
The most general invariant fluxes are
Q = γe8 , X = α ∗7 ϕ+ β e8 ∧ ϕ (3.3.40)
where ∗7ϕ and ϕ are the fundamental G2 forms and α, β, γ are constants. Further-
more, the Bianchi identity dX = 0 implies that β = 0.
Table 3.4: Decomposition of (3.3.41) KSE into eigenspaces
|P1, P2, P3〉 relations for the fluxes
|+,+,+〉, |+,+,−〉, |−,+,+〉, |+,−,−〉 (−1
6
αΓz +
1
3
A−1γΓ8)|·〉 = 1`A |·〉|−,+,−〉, |−,−,+〉, |−,−,−〉
|+,−,+〉 (7
6
αΓz +
1
3
A−1γΓ8)|·〉 = 1`A |·〉
It is straightforward to observe that the investigation of the number of super-
symmetries preserved by the algebraic KSE is exactly the same as that for the AdS4
backgrounds with internal space Spin(7)/G2 in [8], where instead of Γx we have Γ8.
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In particular, the algebraic KSE can be written as(
1
6
α (P1 − P2 + P3 − P1 P2 P3 − P2 P3 + P1 P3 − P1 P2) Γz
+
1
3
γ A−1Γ8
)
σ+ =
1
`A
σ+ , (3.3.41)
where {P1, P2, P3} = {Γ1245,Γ1267,Γ1346} are mutually commuting, Hermitian Clif-
ford algebra operators with eigenvalues ±1. The solutions of the algebraic KSE on
the eigenspaces of {P1, P2, P3} have been tabulated in table 3.4.
To preserve N > 16 supersymmetries, it is required to consider the subspace in
table 3.4 with 7 eigenspinors. The integrability condition of the remaining algebraic
KSE gives
1
36
α2 +
1
9
A−2γ2 =
1
`2A2
, (3.3.42)
while the warp factor field equation implies
7
12
α2 +
1
6
A−2γ2 =
1
`2A2
. (3.3.43)
Clearly, these are mutually inconsistent. So there are no AdS3 solutions that preserve
N > 16 supersymmetries with internal space Spin(7)/G2 × S1.
S7 × S1 = U(4)/U(3)× S1
Let us briefly summarise the homogeneous geometry of S7 = U(4)/U(3) which is
useful for our investigation of other cases below as well. There is a left-invariant
frame (`r, `7), r = 1, · · · , 6, on U(4)/U(3) such that the invariant metric can be
written as
ds2(U(4)/U(3)) = a (`7)2 + b δrs`
r`s , (3.3.44)
where a, b > 0 are constants. The invariant forms on U(4)/U(3) are generated by
the invariant 1-form `7 and the 2-form ω which can be chosen as
ω = `12 + `34 + `56 . (3.3.45)
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Furthermore
d`7 = ω . (3.3.46)
For more details see e.g. [8], where the homogeneous geometry of SU(4)/SU(3) is
also described.
Turning to the investigation at hand, the metric on U(4)/U(3)×S1 can be written
as
ds2(M8) = ds2(U(4)/U(3)) + ds2(S1) , ds2(S1) = c (`8)2 , (3.3.47)
where ds2(U(4)/U(3)) is as in (3.3.44), `8 is the invariant frame on S1, d`8 = 0, and
c > 0 is constant.
The most general invariant fluxes Q and X that satisfy the Bianchi identities
(3.3.4), dX = dQ = 0, are
X =
1
2
αω ∧ ω , Q = β `8 , (3.3.48)
where α, β are constants.
Next consider the Einstein equation along S1. As X does not have non-vanishing
components along S1 and the metric factorises into that of U(4)/U(3) and S1, we
have
R
(8)
88 = −
1
3
A−2Q2 − 1
144
X2 , (3.3.49)
whereR
(8)
88 is the Ricci tensor along S
1. This must vanish, R
(8)
88 = 0. ThusQ = X = 0.
Then the warp factor field equation cannot be satisfied and so there are no AdS3
solutions with internal space U(4)/U(3)× S1.
S7 × S1 = (Sp(2)× Sp(1))/(Sp(1)× Sp(1))× S1
The modification of Sp(2)/Sp(1) to (Sp(2) × Sp(1))/(Sp(1) × Sp(1)) has already
been described in section 3.2.3 and in particular in (3.2.5). The geometry of this
homogeneous space is a special case of that of Sp(2)/Sp(1). In particular, the in-
variant forms on (Sp(2) × Sp(1))/(Sp(1) × Sp(1)) are those on Sp(2)/Sp(1) which
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are invariant under both Sp(1)’s in the isotropy group.
Using the notation in [8], we introduce a left-invariant frame (`a, `r) on (Sp(2)×
Sp(1))/(Sp(1)×Sp(1)), where a = 1, 2, 3, 4 and r = 5, 6, 7. Then imposing invariance
under both Sp(1)’s, one finds that there are no invariant 1- and 2-forms on (Sp(2)×
Sp(1))/(Sp(1)× Sp(1)). However there are two invariant 3-forms and two invariant
4-forms given by
σ =
1
3!
rst`
rst , τ = `r ∧ I(+)r , (3.3.50)
ρ = δrsρrs =
1
2
δrsrpq`
pq ∧ I(+)s , ψ =
1
4!
abcd`
abcd , (3.3.51)
respectively, where I
(+)
r = 12(I
(+)
r )ab`
ab and
(
(I
(+)
r )ab
)
is a basis of self-dual 2-forms
on R4. Moreover,
dσ =
1
2
ρ , dτ = 3ψ − ρ , dψ = dρ = 0 . (3.3.52)
After imposing the Bianchi identities dQ = dX = 0, the most general fluxes can
be written as
X = α1ψ + α2ρ , Q = β`
8 , (3.3.53)
where `8 is an invariant frame on S1, d`8 = 0.
The metric can be chosen as
ds2 = f δab`
a`b + h δrs`
r`s + p (`8)2 , (3.3.54)
where f, h, p > 0 are constants. Substituting the metric and fluxes into the Einstein
equation along the S1 direction, we find again (3.3.49) which implies Q = X = 0. So
there are no AdS3 solutions with internal space (Sp(2)×Sp(1))/(Sp(1)×Sp(1))×S1.
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S4 × S3 × S1 = Spin(5)/Spin(4)× SU(2)× S1
The metric can be chosen as
ds2(M8) = a δij`
i`j + brs`
r`s + c (`8)2 , (3.3.55)
where
ds2(S4) = a δij`
i`j , ds2(S3) = brs `
r`s , ds2(S1) = c (`8)2 , (3.3.56)
and where a, c > 0 are constants, b = (brs) is a constant symmetric positive definite
matrix. (`i), i = 1, 2, 3, 4, is a left-invariant frame on S4 viewed as a Spin(5)/Spin(4)
symmetric space and (`r), r = 5, 6, 7, is a left-invariant frame on the group manifold
S3 with
d`r =
1
2
rst`
s ∧ `t , (3.3.57)
and `8 is an invariant frame on S1, d`8 = 0. Note that `r can be chosen up to an
SO(3) transformation. This can be used to take b, without loss of generality, to be
diagonal.
The most general invariant fluxes are
X = α1 `
1234 + α2 `
5678 , Q = β`8 + γr`
r . (3.3.58)
As the Bianchi identities require that dQ = 0, one finds that γr = 0. Since Q is also
co-closed, we have that X ∧X = 0 which in turn gives α1α2 = 0.
Suppose first that α1 = 0. In that case, the algebraic KSE can be written as(1
6
α2√
cb1b2b3
J1 +
1
3
β
A
√
c
J2
)
σ+ =
1
`A
σ+ , (3.3.59)
where J1 = Γ
5678Γz and J2 = Γ
8 are commuting Hermitian Clifford algebra operators
and b = diag(b1, b2, b3). To find solutions with N > 16 supersymmetries we have
to consider at least two of the common eigenspaces of J1 and J2, each of which has
dimension 4. This is possible if either α2 or β vanishes. If α2 = 0, then X = 0 and the
solution is purely electric. Such solutions cannot preserve N > 16 supersymmetries.
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On the other hand if β = 0, the integrability condition of the KSE implies that
1
36
α22
c b1b2b3
=
1
`2A2
. (3.3.60)
Comparing this with the warp factor field equation, it leads to an inconsistency.
Thus, there are no such AdS3 solutions which preserve N > 16 supersymmetries
with internal space Spin(5)/Spin(4)× SU(2)× S1.
Suppose now that α2 = 0. In such a case X does not have components along
S1. As a result the Einstein equations along S1 can be written as in (3.3.49) and so
X = Q = 0. There are no such AdS3 solutions with internal space Spin(5)/Spin(4)×
SU(2)× S1.
3.3.8 N > 16 solutions with NR = 6
The only right-handed superalgebra with 6 odd generators is osp(3|2). This gives
rise to an so(3)R action on the internal space. Therefore the symmetry algebras that
act transitively and effectively on the internal spaces are
so(n)L ⊕ so(3)R , n = 6, · · · , 12 , (N = 2n+ 6) ;
u(n)L ⊕ so(3)R , n = 3, 4, 5, 6 , (N = 4n+ 6) ;
(sp(n)⊕ sp(1))L ⊕ so(3)R , n = 2, 3 , (N = 8n+ 6) ;
spin(7)L ⊕ so(3)R , (N = 22) ;
(g2)L ⊕ so(3)R , (N = 20) . (3.3.61)
An inspection of the homogeneous spaces in table 3.2 reveals that, up to a finite
covering, these are either M6× S2 or M5× S3, where M6 and M5 are homogeneous
6- and 5-dimensional spaces. So we have
S6 × S2 = Spin(7)/Spin(6)× SU(2)/U(1) , (N = 20, 22) ;
CP3 × S2 = SU(4)/S(U(1)× U(3))× SU(2)/U(1) , (N = 18) ;
S5 × S3 = Spin(6)/Spin(5)× SU(2) , (N = 18) ;
S5 × S3 = U(3)/U(2)× SU(2) , (N = 18) ;
S4 × S2 × S2 = Spin(5)/Spin(4)× SU(2)/U(1)× SU(2)/U(1) , (N = 22) ;
S6 × S2 = G2/SU(3)× SU(2)/U(1) , (N = 20) . (3.3.62)
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The homogeneous space SU(3)/T 2 × SU(2)/U(1) has been excluded as there is no
modification that can be made such that U(3) can act almost effectively on it. Never-
theless we have performed the analysis to demonstrate that it cannot be the internal
space of an AdS3 solution that preserves N > 16 supersymmetries. On the other
hand, SU(4)/S(U(1)×U(3))×SU(2)/U(1) has been included because su(4) = so(6)
and so CP3 admits an so(6) effective and transitive action giving rise to N = 18 su-
persymmetries with NL = 12 and NR = 6. SU(4)/S(U(1) × U(3)) × SU(2)/U(1)
could have been considered as a background that preserves 20 supersymmetries as
well but it cannot be modified to admit an effective u(4) action.
The homogeneous spaces S6×S2 = Spin(7)/Spin(6)×SU(2)/U(1) and S5×S3 =
Spin(6)/Spin(5)× SU(2) can immediately be excluded as giving potential solutions.
For S6 × S2, X = Q = 0 and so the warp factor field equation cannot be satisfied.
The same is true for S5×S3 after applying the Bianchi identity dQ = 0 to show that
Q = 0.
CP3 × S2 = SU(4)/S(U(1)× U(3))× SU(2)/U(1)
This homogeneous space is considered as an internal space because su(4) = so(6)
and so it may give rise to a solution which preserves 18 supersymmetries. The most
general invariant metric in the conventions of [8] is
ds2(M8) = ds2(S2) + ds2(CP3) = a δij`i`j + b(δrs`r`s + δr˜s˜`r˜`s˜) , (3.3.63)
where (`i), i = 7, 8, is a left-invariant frame on S2 and (`r, `r˜) r, r˜ = 1, 2, 3, is a
left-invariant frame on CP3 and a, b > 0 are constants. The invariant forms are
generated by the volume form on S2
σ =
1
2
a ij`
i ∧ `j , (3.3.64)
and the Ka¨hler form on CP3
ω = b δrs˜`
r ∧ `s˜ . (3.3.65)
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Hence, the most general invariant fluxes are
Q = 0 , X = α
1
2
ω ∧ ω + β σ ∧ ω . (3.3.66)
The Bianchi identities are trivially satisfied but the field equation for Q gives the
condition
X ∧X = αβ σ ∧ ω ∧ ω ∧ ω = 0 . (3.3.67)
Therefore, either α = 0 or β = 0. It remains to investigate the KSEs.
β = 0
For β = 0, the flux X is simply X = 1
2
αω∧ω. Going to an orthonormal frame, in
which the Ka¨hler form is ω = e12 + e34 + e56, we find for the algebraic KSE (3.3.12)
α
6
(J1 + J2 − J1J2)Γzσ+ = 1
`A
σ+ , (3.3.68)
where J1 = Γ
1234 and J2 = Γ
1256 are mutually commuting Clifford algebra operators
with eigenvalues ±1. The decomposition in terms of the common eigenspaces is
summarised in table 3.5. A similar analysis applies to τ+, except that the right-hand
side is −1/(`A).
Table 3.5: Decomposition of (3.3.68) KSE into eigenspaces
|J1, J2〉 relations for the fluxes
(1) |+,+〉, |+,−〉, |−,+〉 α
6
Γz|·〉 = 1`A |·〉
(2) |−,−〉 −α
2
Γz|·〉 = 1`A |·〉
To find solutions that preserveN > 16 supersymmetries, one has to choose spinors
from the eigenspaces (1) in table 3.5. In such a case, the integrability condition of
the remaining Γz projection on the spinors is
α2
36
=
1
`2A2
, (3.3.69)
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whereas the field equation for the warp factor (3.3.7) requires
α2
4
=
1
`2A2
. (3.3.70)
Thus there is a contradiction and there are no AdS3 solutions preserving N > 16
supersymmetries.
α = 0
For α = 0, the 4-form flux becomes X = βσ∧ω. Going to an orthonormal frame,
in which ω = e12 + e34 + e56 and σ = e78, we find for the algebraic KSE (3.3.12)
−β
6
(J1 + J2 + J3)J1J2J3σ+ =
1
`A
σ+ , (3.3.71)
where the Clifford algebra operators J are defined as
J1 = Γ
1278 , J2 = Γ
3478 , J3 = Γ
5678 , (3.3.72)
and
Γz = −J1J2J3 . (3.3.73)
The decomposition of the algebraic KSE (3.3.71) into the eigenpaces of these mu-
tually commuting Clifford algebra operators is illustrated in table 3.6. A similar
analysis applies to the τ+ spinors with the right-hand side replaced by − 1`A .
Table 3.6: Decomposition of (3.3.71) KSE into eigenspaces
|J1, J2, J3〉 relations for the fluxes
(1) |±,±,∓〉, |±,∓,±〉, |∓,±,±〉 β
6
= 1
`A
(2) |±,±,±〉 −β
2
= 1
`A
For solutions to preserve N > 16 supersymmetries, we need to consider the
eigenspinors given in row (1) of table 3.6. This gives
β2
36
=
1
`2A2
, (3.3.74)
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while the field equation for the warp factor (3.3.7) leads to
β2
4
=
1
`2A2
. (3.3.75)
Clearly this is a contradiction. There are no AdS3 backgrounds that preserve N > 16
supersymmetries with internal space SU(4)/S(U(1)× U(3))× SU(2)/U(1).
S5 × S3 = U(3)/U(2)× SU(2)
The geometry on S5 as a U(3)/U(2) homogeneous space can be described in a similar
way as that for S7 = U(4)/U(3) which can be found in section 3.3.7. In particular
the metric is
ds2(U(3)/U(2)) = a (`5)2 + b δrs`
r`s , r, s = 1, 2, 3, 4 , (3.3.76)
where a, b > 0 are constants. The invariant forms on U(3)/U(2) are generated by
the 1-form `5 and the 2-form ω = `12 + `34. Again d`5 = ω.
The existence of AdS3 solutions with internal space S
5×S3 can be ruled out with
a cohomological argument. Indeed, let `i be a left-invariant frame on S3 such that
d`i =
1
2
ijk`
j ∧ `k , i, j, k = 1, 2, 3 . (3.3.77)
The most general invariant 1-form Q can be written as
Q = α`5 + βr`
r . (3.3.78)
The Bianchi identity, dQ = 0, in (3.3.4) implies that α = βr = 0. So, we have Q = 0.
Furthermore, the Bianchi identities (3.3.4) also imply that dX = 0, and as Q = 0
the field equation (3.3.5) also implies that d ∗ X = 0. Thus X is harmonic and
represents a class in H4(S5 × S3). However H4(S5 × S3) = 0 and so X = 0. This
leads to a contradiction as the field equation for the warp factor (3.3.7) cannot be
satisfied.
Note that the above calculation rules out the existence of AdS3 solutions with
internal space S5 × S3 = Spin(6)/Spin(5) × SU(2) as this is a special case of the
background examined above.
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S4 × S2 × S2 = Spin(5)/Spin(4)× SU(2)/U(1)× SU(2)/U(1)
The most general invariant metric is
ds2(M8) = ds2(S4) + ds2(S2) + ds2(S2)
= a δij`
i`j + b
(
(`5)2 + (`6)2
)
+ c
(
`7)2 + (`8)2
)
, (3.3.79)
where a, b, c > 0 are constants, `i, i = 1, 2, 3, 4, is a left-invariant frame on S4 viewed
as the symmetric space Spin(5)/Spin(4), and (`5, `6) and (`7, `8) are left-invariant
frames on the two S2’s, respectively.
As there are no invariant 1-forms, Q = 0. Moreover, X can be written as
X = α1`
1234 + α2`
5678 . (3.3.80)
Since X ∧X = 0, which follows from the field equation of Q, we have that α1α2 = 0.
If α2 = 0, then the integrability condition of the algebraic KSE will give
1
36
α21
a4
=
1
`2A2
. (3.3.81)
Comparing this with the field equation of the warp factor leads to a contradiction.
This is also the case if instead α1 = 0. There are no supersymmetric AdS3 solutions
with internal space S4 × S2 × S2.
S6 × S2 = G2/SU(3)× SU(2)/U(1)
The existence of AdS3 solutions with G2/SU(3) × SU(2)/U(1) internal space can
be ruled out by a cohomological argument. Observe that su(3) acts on m with the
[3]R = 3 ⊕ 3¯ representation. Using this, one concludes that there are no invariant
1-forms on M8 and so Q = 0. In such a case X is both closed and co-closed and so
harmonic. However, H4(M8) = 0 as M8 = S6×S2 and so X = 0. This in turn leads
to a contradiction as the field equation for the warp factor cannot be satisfied.
3.3.9 N > 16 solutions with NR = 8
The right-handed superalgebras with 8 supercharges are osp(4|2), D(2, 1, α) and
sl(2|2)/14×4. These give rise to right-handed isometries with Lie algebras so(4)R,
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(so(3) ⊕ so(3))R and su(2)R, respectively. In the latter case there can also be up
to three additional central generators. As so(4)R = (so(3) ⊕ so(3))R, it suffices to
consider (so(3) ⊕ so(3))R and su(2)R, and, for the latter, include up to 3 central
generators. Furthermore, since N > 16, one has NL > 8. Collecting the above and
using the results of table 3.1, the allowed algebras that act transitively and effectively
on the internal space are the following.
so(n)L ⊕ (tR)0 , n = 5, . . . , 11 , (N = 2n+ 8) ;
u(n)L ⊕ (tR)0 , n = 3, 4, 5 , (N = 4n+ 8) ;
(sp(2)⊕ sp(1))L ⊕ (tR)0 , (N = 24) ;
spin(7)L ⊕ (tR)0 , (N = 24) ; (g2)L ⊕ (tR)0 , (N = 22) , (3.3.82)
where (tR)0 is either (so(3) ⊕ so(3))R or su(2)R ⊕ cR with cR spanned by up to 3
central generators. The homogeneous spaces that can admit a transitive and an
effective action by the above Lie algebras have been tabulated in table 3.7.
Table 3.7: Homogeneous spaces for NR = 8
t0 Homogeneous spaces N
so(5)L ⊕ (tR)0 S4 × S2 × S2 = Spin(5)/Spin(4)× SU(2)/U(1)× SU(2)/U(1) 18
S4 × S2 × T 2 = Spin(5)/Spin(4)× SU(2)/U(1)× T 2 18
CP3 × S2 = Sp(2)/(Sp(1)× U(1))× SU(2)/U(1) 18
S7 × S1 = (Sp(2)× Sp(1))/(Sp(1)× Sp(1))× S1 18
so(6)L ⊕ (tR)0 S5 × S3 = Spin(6)/Spin(5)× SU(2) 20
S5 × S2 × S1 = Spin(6)/Spin(5)× SU(2)/U(1)× S1 20
CP3 × S2 = SU(4)/S(U(3)× U(1))× SU(2)/U(1) 20
so(7)L ⊕ (tR)0 S6 × S2 = Spin(7)/Spin(6)× SU(2)/U(1) 22, 24
u(3)L ⊕ (tR)0 SU(3)k,l = (SU(3)× SU(2)× U(1)/(SU(2)×∆k,lU(1)) 20
S5 × S3 = U(3)/U(2)× SU(2) 20
S5 × S2 × S1 = U(3)/U(2)× SU(2)/U(1)× S1 20
Nk,l,m × S1 = U(1)×SU(2)×SU(3)
∆k,l,m((U(1)2)·(1×SU(2)) × S1 20
sp(2)⊕ sp(1))L ⊕ (tR)0 S4 × S2 × S2 = Spin(5)/Spin(4)× SU(2)/U(1)× SU(2)/U(1) 24
S4 × S3 × S1 = Spin(5)/Spin(4)× (SU(2)× SU(2))/SU(2)× S1 24
(g2)L ⊕ (tR)0 S6 × S2 = G2/SU(3)× SU(2)/U(1) 22
A detailed examination of the homogeneous spaces that may give rise to super-
symmetric AdS3 solutions with NR = 8 reveals that the only cases that have not been
investigated so far are S4 × S2 × T 2, S5 × S2 × S1 with S5 either Spin(6)/Spin(5)
or U(3)/U(2), SU(3) and Nk,l,m × S1. The remaining homogeneous spaces have
already been excluded as internal spaces in the analysis of AdS3 backgrounds with
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NR < 8 backgrounds. The presence of additional right-handed supersymmetries here
for NR = 8 are not sufficient to bring these backgrounds into the range of N > 16
supersymmetries. So again they are excluded as solutions.
S4 × S2 × T 2 = Spin(5)/Spin(4)× SU(2)/U(1)× T 2
The most general invariant metric is
ds2(M8) = ds2(S4) + ds2(S2) + ds2(T 2) = a δrs`
r`s + b δaˆbˆ`
aˆ`bˆ + ca˜b˜`
a˜`b˜ , (3.3.83)
where `r, r = 1, ..., 4, is a left-invariant frame on S4, `aˆ, aˆ = 5, 6 is a left-invariant
frame on S2 and `a˜, a˜ = 7, 8, is a left invariant frame on T 2, d`a˜ = 0, and a, b > 0
are constants and (ca˜b˜) is a positive definite matrix. The invariant forms on this M
8
are generated by `a˜ and the top forms on S4 and S2. Hence, the 4-form flux X is
X = ασ ∧ ρ+ β ψ , (3.3.84)
where α and β are constant parameters and ψ = `1234, σ = `56 and ρ = `78. Further-
more
Q = γa˜`
a˜ , (3.3.85)
where γ are constants. As Q is parallel, the field equation for Q, (3.3.6), gives
X ∧ X = 0 and so we obtain the condition that either α = 0 or β = 0. Let us
proceed to investigate α = 0, as the case for β = 0 can be dealt with analogously.
As X = βψ, the algebraic KSE (3.3.12) becomes
(
1
3A
/Q+
β
6a2
Γ1234Γz)σ+ =
1
`A
σ+ . (3.3.86)
The integrability condition of this is
1
9A2
Q2 +
β2
36a4
=
1
`2A2
. (3.3.87)
On the other hand the warp factor field equation (3.3.7) gives
1
6A2
Q2 +
β2
12a4
=
1
`2A2
. (3.3.88)
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The last two equations are incompatible and so there are no supersymmetric solu-
tions.
M8 = S5 × S2 × S1
Here we shall consider two cases that with S5 = U(3)/U(2), SU(3)/SU(2) and that
with S5 = Spin(6)/Spin(5). The latter can be excluded immediately. As M8 is a
product of symmetric spaces all left-invariant forms are parallel and represent classes
in the de-Rham cohomology of M8. As H4(S5 × S2 × S1) = 0, we have that X = 0.
The solution becomes electric and as we have seen such solutions cannot preserve
N > 16 supersymmetries.
Next suppose that S5 = U(3)/U(2). The metric on M8 can be chosen as
ds2(M8) = ds2(S5) + ds2(S2) + ds2(S1) , (3.3.89)
where
ds2(S5) = b
4∑
r=1
(`r)2 + a(`5)2 , ds2(S2) = c
(
(`6)2 + (`7)2
)
,
ds2(S1) = f(`8)2 , (3.3.90)
and where a, b, c, f > 0 are constants. The invariant forms are generated by `5,
`8, ω = `12 + `34 and σ = `67. The independent differential relations between the
invariant forms are
d`5 = ω , d`8 = 0 , dσ = 0 , (3.3.91)
where we have used the description of the geometry on S5 as in section 3.3.8. Since
dQ = 0, we have that Q = γ`8. Furthermore after imposing dX = 0 the most general
flux X is
X =
1
2
αω ∧ ω + β ω ∧ σ , (3.3.92)
where α, β are constants.
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The algebraic KSE gives[1
6
( α
b2
Γ1234 +
β
bc
(Γ1267 + Γ3467)
)
Γz +
1
3
γ√
f A
Γ8
]
σ+ =
1
`A
σ+ . (3.3.93)
Squaring this, we find
[ 1
36
(α2
b4
+
2β2
b2c2
− 2αβ
b3c
(J1 + J2) +
2β2
b2c2
J1J2
)
+
1
9
γ2
f A2
]
σ+ =
1
`2A2
σ+ , (3.3.94)
where J1 = Γ
1267 and J2 = Γ
3467. The decomposition of this condition on σ+ into
eigenspaces of J1 and J2 is given in table 3.8.
Each common eigenspace of J1 and J2 has dimension 4. So, to find solutions
with N > 16 supersymmetries, we have to consider at least two of these eigenspaces.
Hence, this would necessarily involve either one of the eigenspinors |+,−〉 and |−,+〉
or both eigenspinors |±,±〉. In the former case taking the difference of the condition
that arises on the fluxes with the warp factor field equation
1
12
(α2
b4
+
2β2
b2c2
)
+
γ2
6fA2
=
1
`2A2
, (3.3.95)
one finds that α = β = γ = 0 which is a contradiction. In the latter case, we find that
αβ = 0. Using this and comparing the condition on the fluxes in table 3.8 with the
warp factor field equation above, again leads to a contradiction. There are no AdS3
solutions that preserve N > 16 supersymmetries with internal space S5 × S2 × S1.
Table 3.8: Decomposition of (3.3.94) into eigenspaces
|J1, J2〉 relations for the fluxes
|+,−〉, |−,+〉 1
36
α2
b4
+ 1
9
γ2
f A2
= 1
`2A2
|±,±〉 1
36
(
α2
b4
+ 4β
2
b2c2
∓ 4αβ
b3c
)
+ 1
9
γ2
f A2
= 1
`2A2
We have also performed the calculation for S5 = SU(3)/SU(2) which gives rise
to an X flux with additional terms to those in (3.3.92) because of the presence of an
invariant complex (2,0) form. After some investigation, we find that again there are
no solutions with N > 16 supersymmetry.
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SU(3)k,l
In this context SU(3) is viewed, up to a discrete identification, as a homogeneous
space with isotropy group SU(2)×U(1) and almost effective transitive group SU(3)×
SU(2)×U(1), where the inclusion map of SU(2)×U(1) in SU(3)×SU(2)×U(1) is
(a, z)→
((
azk 0
0 z−2k
)
, a, zl
)
(3.3.96)
As we have mentioned the geometry of such cosets is more restrictive than that of
SU(3) viewed as the homogeneous space SU(3)/{e}. Thus it suffices to investigate
whether SU(3) is a solution. As SU(3) does not admit closed 1-forms, Q = 0. In
such case X is harmonic. However, H4(SU(3),R) = 0 and so X = 0. This leads to
a contradiction, since the warp factor field equation cannot be satisfied.
Nk,l,m × S1 = SU(2)×SU(3)×U(1)
∆k,l,m(U(1)2)·(1×SU(2)) × S1
Let us denote the left-invariant frame along S1 with `8, d`8 = 0. Nk,l,m can be
thought of as a modification of Nk,l and so for the analysis that follows we can use
the description of the geometry of Nk,l in appendix F. In particular, the most general
Q flux is
Q = γ1 `
8 + γ2 `
7 . (3.3.97)
As dQ = 0, we deduce that γ2 = 0 and set γ1 = γ. The most general invariant metric
is
ds2(M8) = a
(
(`5)2 + (`6)2
)
+ b δrs(`
r`s + ˆ`r ˆ`s) + c (`7)2 + f (`8)2 , (3.3.98)
where (`r, ˆ`r, `5, `6, `7), r, s = 1, 2, is a left-invariant frame on Nk,l, `8 is a left-
invariant frame on S1 and a, b, c, f > 0 are constants. Next X can be chosen as
X =
1
2
α1 ω1 ∧ ω1 + α2 ω1 ∧ ω2 + α3 ω1 ∧ `7 ∧ `8 + α4 ω2 ∧ `7 ∧ `8 , (3.3.99)
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where α1, α2, α3, α4 are constants. Since dX = 0, one deduces that α3 = α4 = 0.
Choosing an orthonormal frame as
e1 =
√
a `5 , e2 =
√
a `6 , e2r+1 =
√
b `r , e2r+2 =
√
b ˆ`r ,
e7 =
√
c `7 , e8 =
√
f `8 , (3.3.100)
the algebraic KSE can be written as[1
6
(α1
b2
Γ3456 +
α2
ab
(Γ1234 + Γ1256)
)
Γz +
1
3
γ√
f A
Γ8
]
σ+ =
1
`A
σ+ . (3.3.101)
The form of this KSE is the same as that in (3.3.93). A similar analysis again shows
that there are no solutions preserving N > 16 supersymmetries.
3.3.10 N > 16 solutions with NR = 10
The only superalgebra that gives rise to ten right-handed supersymmetries is osp(5|2)
with (tR)0 = so(5). As we are investigating backgrounds with N > 16 and we have
chosen that NL ≥ NR, we conclude that 10 ≤ NL < 22. Using this and the results of
table 3.1, the allowed algebras that can act transitively and effectively on the internal
spaces are
so(n)L ⊕ so(5)R , n = 5, 6, 7, 8, 9, 10 , (N = 2n+ 10) ;
u(n)L ⊕ so(5)R , n = 3, 4, 5 , (N = 4n+ 10) ;
(sp(2)⊕ sp(1))L ⊕ so(5)R , (N = 26) ;
spin(7)L ⊕ so(5)R , (N = 26) ;
(g2)L ⊕ so(5)R , (N = 24) . (3.3.102)
The only 8-dimensional homogeneous space that admits such an action by the alge-
bras presented above is
S4 × S4 = Spin(5)/Spin(4)× Spin(5)/Spin(4) . (3.3.103)
It remains to examine whether such a background solves the KSE and field equations
of 11-dimensional supergravity.
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S4 × S4
The most general invariant metric on S4 × S4 is
ds2(M8) = ds2(S4) + ds2(S4) = a δij`
i`j + b δrs`
r`s = δabe
aeb + δrse
res , (3.3.104)
where a, b > 0 are constants and `i (ei), i = 1, . . . 4, and `r (er), r = 5, . . . , 8, are
the left-invariant (orthonormal) frames of the two S4’s, respectively. There are no
invariant 1-forms on M8, and therefore Q = 0. The invariant 4-forms are just the
volume forms on the two spheres, hence the most general 4-form flux is
X = αe1234 + βe5678 , (3.3.105)
where α, β are constants. The field equation for Q, (3.3.6), yields the condition that
either α = 0 or β = 0. Without loss of generality, we take β = 0. Substituting X
into the algebraic KSE (3.3.12), one finds
α
6
Γ1234Γzσ+ =
1
`A
σ+ , (3.3.106)
and hence obtains
α2
36
=
1
`2A2
, (3.3.107)
as an integrability condition. However, the warp factor field equation (3.3.7) implies
that
α2
12
=
1
`2A2
. (3.3.108)
Thus, we get a contradiction and there are no such supersymmetric solutions.
3.3.11 N > 16 solutions with NR ≥ 12
Imposing the restriction that NL ≥ NR, it is easy to see that there are no homo-
geneous spaces that admit a transitive and effective t0 action. This follows from a
detailed examination of the classification results of [112–116], as well as their modi-
fications.
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3.4 N > 16 AdS3 ×w M 7 solutions in (massive) IIA
3.4.1 Field equations and Bianchi identities for N > 16
The bosonic fields of (massive) IIA supergravity are the metric ds2, a 4-form field
strength G, a 3-form field strength H, a 2-form field strength F , the dilaton Φ and
the cosmological constant dressed with the dilaton S. Following the description of
warped AdS3 backgrounds in [77], we write the fields as
ds2 = 2e+e− + (ez)2 + ds2(M7) ,
G = e+ ∧ e− ∧ ez ∧ Y +X , H = We+ ∧ e− ∧ ez + Z ,
F , Φ , S , (3.4.1)
where we have used a null-orthonormal frame (e+, e−, ei), i = 1, . . . , 7, defined as
in (3.3.3) and ds2(M7) = δije
iej. The fields Φ,W, S and the warp factor A are
functions, Y is a 1-form, F is a 2-form, Z is a 3-form and X is a 4-form on M7.
As the 2-form field strength F is purely magnetic we have denoted the field and its
component on M7 by the same symbol. This is also the case for Φ and S. The
dependence of the fields on the AdS3 coordinates is hidden in the definition of the
frame e+, e− and ez. The components of the fields in this frame depend only on the
coordinates of M7.
As we have demonstrated in 11-dimensional supergravity, the description for the
fields simplifies considerably for AdS3 backgrounds preserving N > 16 supersym-
metries. In particular, a similar argument to the one presented for 11-dimensional
backgrounds gives that the warp factor A is constant. The proof of this is very similar
to that given in eleven dimensions and so we shall not repeat the analysis. Further-
more, it is a consequence of the homogeneity theorem and the Bianchi identities of
the theory that the scalars Φ, S and W are constant.
Focusing on the analysis of the IIA AdS3 backgrounds that preserve N > 16
supersymmetries, we shall impose these conditions on the Bianchi identities, field
equations and Killing spinor equations. The general formulae can be found in [77].
In particular taking A, W, Φ and S to be constant the Bianchi identities can be
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simplified as
dZ = 0 , dF = SZ , SW = 0, dX = Z ∧ F ,
dY = −WF . (3.4.2)
A consequence of this is that either S = 0 or W = 0. Furthermore, the field equations
of the form fluxes can be written as
d ∗7 Z = ∗7X ∧ F + S ∗7 F , d ∗7 F = −W ∗7 Y + ∗7X ∧ Z ,
d ∗7 Y = −Z ∧X , d ∗7 X = Z ∧ Y −WX , (3.4.3)
respectively. As M7 is compact without boundary observe that d ∗7 Y = −Z ∧ X
implies that
Z ∧X = 0 . (3.4.4)
To see this, first observe that homogeneity implies that ∗7(Z ∧ X) is constant. On
the other hand, the integral of Z ∧X over M8 is the constant ∗7(Z ∧X) times the
volume of M8. As the integral of Z ∧ X is zero, this constant must vanish giving
(3.4.4).
The dilaton field equation is
− 1
12
Z2 +
1
2
W 2 +
5
4
S2 +
3
8
F 2 +
1
96
X2 − 1
4
Y 2 = 0 . (3.4.5)
The Einstein equation along AdS3 and M
7 implies
1
2
W 2 +
1
96
X2 +
1
4
Y 2 +
1
4
S2 +
1
8
F 2 =
2
`2A2
,
R
(7)
ij =
1
12
X2ij −
1
2
YiYj − 1
96
X2δij +
1
4
Y 2δij
− 1
4
S2δij +
1
4
Z2ij +
1
2
F 2ij −
1
8
F 2δij , (3.4.6)
where ∇ and R(7)ij denote the Levi-Civita connection and the Ricci tensor of M7,
respectively. The former condition is the warp factor field equation.
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3.4.2 The Killing spinor equations
The solutions to the KSEs of (massive) IIA along AdS3 may be written as in (3.3.9),
although now σ± and τ± are Spin(9, 1) Majorana spinors which satisfy the lightcone
projections Γ±σ± = Γ±τ± = 0 and only depend on the coordinates of M7. These are
subject to the gravitino KSEs
∇(±)i σ± = 0 , ∇(±)i τ± = 0 , (3.4.7)
the dilatino KSEs
A(±)σ± = 0 , A(±)τ± = 0 , (3.4.8)
and the algebraic KSEs
Ξ(±)σ± = 0 , (Ξ(±) ± 1
`
)τ± = 0 , (3.4.9)
where
∇(±)i = ∇i +
1
8
/ZiΓ11 +
1
8
SΓi +
1
16
/FΓiΓ11 +
1
192
/XΓi ± 1
8
/Y Γzi ,
A(±) = 1
12
/ZΓ11 ∓ 1
2
WΓzΓ11 +
5
4
S +
3
8
/FΓ11 +
1
96
/X ± 1
4
/Y Γz ,
Ξ(±) = ∓ 1
2`
± 1
4
AWΓ11 − 1
8
ASΓz − 1
16
A/FΓzΓ11 − 1
192
A /XΓz ∓ 1
8
A/Y . (3.4.10)
If M7 is compact without boundary, one can demonstrate that
‖ σ+ ‖= const , ‖ τ+ ‖= const , 〈σ+, τ+〉 = 0 , 〈τ+,Γizσ+〉 = 0 . (3.4.11)
As in eleven dimensions, the last condition is essential to establish that the warp
factor A is constant for IIA AdS3 backgrounds preserving N > 16 supersymmetries
with compact without boundary internal space M7.
3.4.3 N > 16 solutions with left only supersymmetry
AdS3 backgrounds admit the same Killing superalgebras in 11-dimensional, IIA and
IIB supergravities. As a result the Lie algebras t0 that must act transitively and
effectively on the internal spaces of IIA and IIB AdS3 backgrounds can be read
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Table 3.9: 7-dimensional compact, simply connected, homogeneous spaces
M7 = G/H
(1) Spin(8)
Spin(7)
= S7, symmetric space
(2) Spin(7)
G2
= S7
(3) SU(4)
SU(3)
diffeomorphic to S7
(4) Sp(2)
Sp(1)
diffeomorphic to S7
(5) Sp(2)
Sp(1)max
, Berger space
(6) Sp(2)
∆(Sp(1))
= V2(R5)
(7) SU(3)
∆k,l(U(1))
= W k,l k, l coprime, Aloff-Wallach space
(8) SU(2)×SU(3)
∆k,l(U(1))·(1×SU(2)) = N
k,l k, l coprime
(9) SU(2)
3
∆p,q,r(U(1)2)
= Qp,q,r p, q, r coprime
(10) M4 ×M3, M4 = Spin(5)
Spin(4)
, SU(3)
S(U(1)×U(2)) ,
SU(2)
U(1)
× SU(2)
U(1)
M3 = SU(2) , SU(2)×SU(2)
∆(SU(2))
(11) M5 × SU(2)
U(1)
, M5 = Spin(6)
Spin(5)
, SU(3)
SU(2)
, SU(2)×SU(2)
∆k,l(U(1))
, SU(3)
SO(3)
off those found in the 11-dimensional analysis. So for NR = 0, these are given in
(3.3.28). An inspection of the 7-dimensional homogeneous spaces in table 3.9 reveals
that there are no N > 16 supersymmetric AdS3 backgrounds with NR = 0.
3.4.4 N > 16 solutions with NR = 2
The 7-dimensional homogeneous spaces7 that admit an effective and transitive action
of the Lie algebras in (3.3.29) are
S7 = Spin(8)/Spin(7) (N = 18) ,
S7 = U(4)/U(3) , (N = 18) ,
S7 = (Sp(2)× Sp(1))/Sp(1)× Sp(1) , (N = 18) ,
S4 × S3 = Spin(5)/Spin(4)× SU(2) (N = 18) ,
S7 = Spin(7)/G2 (N = 18) . (3.4.12)
7There are several embeddings of Sp(1) in Sp(2) however only one of them admits a modification
such that the internal space is associated to a background that can preserve N > 16 supersymme-
tries.
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Solutions with internal space Spin(8)/Spin(7) can immediately be excluded. This is
a symmetric space and so all fluxes are parallel. On the other hand, the only parallel
forms on S7 are the constant functions and the volume form. Therefore all k-form
fluxes for k > 0 must vanish. In such a case the dilaton field equation in (3.4.5)
implies that W = S = 0. In turn, the warp factor field equation in (3.4.6) becomes
inconsistent. The remaining cases are investigated below.
S7 = U(4)/U(3)
The geometry of S7 = U(4)/U(3) has been summarised in the beginning of section
3.3.7. The metric is given in (3.3.44). The invariant forms are generated by the
1-form `7 and 2-form ω as in (3.3.45), d`7 = ω. Given these data, the most general
invariant fluxes can be chosen as
X =
α
2
ω2 , Z = β `7 ∧ ω , F = γ ω , Y = δ `7 . (3.4.13)
As the Bianchi identities require that dZ = 0, we have β = 0. Furthermore, the
remaining Bianchi identities imply
SW = 0 , δ = −Wγ , (3.4.14)
and the field equations for the fluxes give
α γ
b
+
1
2
γ S b = 0 , γ
√
a = −1
3
W
b2δ√
a
,
α
√
a
b
= −1
2
W α . (3.4.15)
Suppose first that S 6= 0. Then W = 0 which in turn gives α = γ = δ = 0.
As both Z = Y = 0, the dilaton field equation in (3.4.5) implies that the rest of
the fluxes vanish which in turn leads to a contradiction, since the warp factor field
equation in (3.4.6) cannot be satisfied.
Next suppose that S = 0. Then α γ = 0. Take that W 6= 0 otherwise there will
be a contradiction as described for S 6= 0 above. If γ = 0, this will imply that δ = 0
and so again the dilaton field equation in (3.4.5) will imply that the rest of the fluxes
must vanish.
It remains to investigate the case α = 0. The dilatino KSE (3.4.8) and algebraic
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KSE (3.4.9) become
(−1
2
WΓ11 +
3
8
/FΓzΓ11 − 1
4
/Y )σ+ = 0 ,
(
1
2
WΓ11 − 1
8
/FΓzΓ11 − 1
4
/Y )σ+ =
1
`A
σ+ . (3.4.16)
Eliminating the flux F , one finds
(WΓ11 − /Y )σ+ = 3
`A
σ+ . (3.4.17)
The integrability condition gives
W 2 + Y 2 =
9
`2A2
. (3.4.18)
Comparing this with the field equation for the warp factor (3.4.6) leads to a contra-
diction. There are no supersymmetric solutions.
S7 = (Sp(2)× Sp(1))/Sp(1)× Sp(1)
The geometry of S7 = (Sp(2)× Sp(1))/Sp(1)× Sp(1) has been described in section
3.3.7. As we have pointed out, there are no invariant 1- and 2-forms, and no invariant
closed 3-forms on this homogeneous space. As a result Y = F = Z = 0. Then, the
dilaton field equation in (3.4.5) implies that W = S = X = 0 and therefore the warp
factor field equation in (3.4.6) cannot be satisfied. There are no AdS3 solutions with
internal space S7 = (Sp(2)× Sp(1))/Sp(1)× Sp(1).
M7 = S4 × S3 = Spin(5)/Spin(4)× SU(2)
The metric on the internal space can be chosen as
ds2(M7) = ds2(S4) + ds2(S3) = a δij`
i`j + brs`
r`s , (3.4.19)
where (`i), i = 4, . . . , 7, is a left-invariant frame on S4 and (`r), r = 1, 2, 3 is a
left-invariant frame on S3 = SU(2), a > 0 is a constant and (brs) a positive definite
3× 3 symmetric matrix. Note that
d`r =
1
2
rst`
s ∧ `t . (3.4.20)
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Before we proceed, observe that without loss of generality b = (brs) can be chosen
to be diagonal. This is because any transformation `r → Ors`s of the left-invariant
frame with O ∈ SO(3) leaves the structure constants of su(2) invariant and acts
on b as OT bO. So, there is a choice of frame such that b = diag(b1, b2, b3) with
b1, b2, b3 > 0 constants. From here on, we shall take b to be diagonal.
The most general invariant fluxes are
X = α `4567 , Z = β `123 , F =
1
2
γr 
r
st`
s ∧ `t , Y = δr`r , (3.4.21)
where α, β, γr and δr, r = 1, 2, 3, are constants.
First observe that Z ∧X = 0 implies that αβ = 0. Next suppose that S 6= 0. It
follows from the Bianchi identities (3.4.2) that Z = 0, as dF = 0. In addition, the
Bianchi identities (3.4.2) give
W = Y = 0 . (3.4.22)
Next, the dilaton field equation in (3.4.5) implies that S = X = F = 0 which is a
contradiction to the assumption that S 6= 0.
So, let us now consider S = 0. Again αβ = 0 and so either Z = 0 or X = 0. Let
us first take Z = 0 and X 6= 0. In such a case the field equation for X in (3.4.3)
gives W = 0. If W = 0, the Bianchi identities (3.4.2) will imply that Y = 0. This in
turn leads to a contradiction as the field equation for the dilaton in (3.4.5) implies
that X = 0.
Suppose now that both Z = X = 0. As S = 0 as well, the dilatino and algebraic
KSEs can be re-written as in (3.4.16). This in turn gives (3.4.17) which leads to the
integrability condition (3.4.18). Substituting this into the field equation for the warp
factor in (3.4.6) and after eliminating Y 2, one finds a contradiction.
It remains to investigate the case that Z 6= 0 and X = 0. First the Bianchi
identity for Y (3.4.2) implies that
δr = −Wγr . (3.4.23)
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Then field equation for F , d ∗7 F = −W ∗7 Y , together with (3.4.23) imply that
W 2 γr =
b2r
b1b2b3
γr , no summation over r . (3.4.24)
Next turn to the Einstein equation along S4. As X = 0 and the fields Z, F and Y
have non-vanishing components only along S3, we find that
R
(7)
ij = (
1
4
Y 2 − 1
8
F 2)δij . (3.4.25)
Using (3.4.24), one can show that R
(7)
ij = 0. This is a contradiction as R
(7)
ij is the
Ricci tensor of the S4 subspace which is required to be strictly positive. Therefore,
we conclude that there are no supersymmetric IIA AdS3 solutions with internal space
S4 × S3.
M7 = S7 = Spin(7)/G2
This homogeneous space admits invariant 3- and 4-forms which are the fundamental
G2 forms ϕ and ∗7ϕ. However the 3-form ϕ is not closed and so Z = 0. As there
are no invariant 1-forms and 2-forms Y = F = 0. In such a case the dilaton field
equation in (3.4.5) implies that W = S = X = 0. In turn, the warp factor field
equation in (3.4.6) becomes inconsistent.
3.4.5 N > 16 solutions with NR = 4
The Lie algebras that must act both effectively and transitively on the internal space
M7 are the same as those found in D = 11 supergravity and given in (3.3.37). With
regard to the 7-dimensional homogeneous spaces, those admitting an effective and
transitive action by these Lie algebras are the following
S6 × S1 = Spin(7)/Spin(6)× S1 , (N = 18) ;
G2/SU(3)× S1 , (N = 18) . (3.4.26)
Both are products of 6-dimensional homogeneous spaces with S1.
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M7 = Spin(7)/Spin(6)× S1
The only non-vanishing k-form flux, k > 0, allowed is Y = α`7, where `7 is a
left-invariant frame along S1 and α a constant. The dilatino KSE (3.4.8) can be
re-written as (
− 1
2
WΓ11 +
5
4
SΓz − 1
4
/Y
)
σ+ = 0 , (3.4.27)
which leads to the integrability condition
W 2 +
25
4
S2 +
1
4
Y 2 = 0 . (3.4.28)
As a result W = S = Y = 0. This leads to an inconsistency, since the warp
field equation (3.4.6) cannot be satisfied. There are no supersymmetric IIA AdS3
backgrounds with Spin(7)/Spin(6)× S1 internal space.
M7 = S6 × S1 = G2/SU(3)× S1
The differential algebra of a left-invariant frame on M7 modulo terms in su(3) ∧ m
which involve the canonical connection is
dλr¯ =
1
2
r¯stλ
r ∧ λt , d`7 = 0 , r = 1, 2, 3 , (3.4.29)
where λr is a complex frame, λ¯r = λr¯, on S6 and `7 is a left-invariant frame on S1.
The invariant forms on S6 are the 2-form
ω =
i
2
δrs¯λ
r ∧ λs¯ , (3.4.30)
and the holomorphic 3-form
χ =
1
6
rstλ
r ∧ λs ∧ λt . (3.4.31)
Clearly,
dω = 3 Imχ , dReχ = 2ω ∧ ω . (3.4.32)
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The most general invariant metric on M7 is
ds2(M7) = a δrs¯λ
rλs¯ + b (`7)2 , (3.4.33)
where a, b > 0 are constants. Moreover, the most general invariant fluxes are
X =
1
2
α1 ω
2 + α2`
7 ∧ Reχ+ α3`7 ∧ Imχ , Z = β Imχ ,
F = γ ω , Y = δ `7 , (3.4.34)
where the α’s, β, γ and δ are constants and we have used that dZ = 0. As Z∧X = 0,
we have that α2β = 0. Furthermore, dF = SZ yields
3 γ = Sβ . (3.4.35)
Let us first consider the case that S 6= 0. This implies that W = 0. As either
α2 = 0 or Z = 0, let us first investigate Z = 0. In such a case the Bianchi identities
(3.4.2) and the field equations (3.4.3) imply that X is harmonic and since H4(S6 ×
S1) = 0, we have X = 0. Using this, we also find that F is harmonic and so because
H2(S6×S1) = 0, F = 0. Next the dilatino KSE (3.4.8) becomes (5S + /Y Γz)σ+ = 0,
which in turn implies that 25S2 + Y 2 = 0. This is a contradiction, as that would
mean S = 0. Thus, there are no such supersymmetric AdS3 backgrounds.
Next suppose that α2 = 0. The field equation d ∗7 X = Z ∧ Y gives
α3 = 0 , (3.4.36)
and so X does not have a component along S1. Then the Einstein equation along
S1 gives
R
(7)
77 = −
1
4
Y 2 − 1
4
S2 − 1
8
F 2 − 1
96
X2 = 0 . (3.4.37)
Thus, again S = 0 which is a contradiction.
So to find solutions, we have to set S = 0. The Bianchi identity dF = 0 gives
F = 0. Furthermore, the field equation d ∗7 Z = 0 implies Z = 0. We also have from
the field equations (3.4.3) that W ∗7 Y = 0. If we choose Y = 0 and since Z vanishes
as well, Z = 0 , the dilaton field equation in (3.4.5) implies that the rest of the fields
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vanish which contradicts the warp factor field equation. So, let us take W = 0. In
that case X is harmonic and hence X = 0. This is also the case for Z and so Z = 0.
The dilatino KSE in turn implies that /Y σ+ = 0, which gives Y = 0. Thus, all the
fields vanish, leading to a contradiction with the warp factor field equation. There
are no supersymmetric AdS3 solutions with internal space G2/SU(3)× S1.
3.4.6 N > 16 solutions with NR = 6
The 7-dimensional homogeneous spaces that admit an effective and transitive action
of one of the Lie algebras in (3.3.61) are
S5 × S2 = Spin(6)/Spin(5)× SU(2)/U(1) , (N = 18) ;
S5 × S2 = U(3)/U(2)× SU(2)/U(1) , (N = 18) ;
S4 × S3 = Spin(5)/Spin(4)× (SU(2)× SU(2))/SU(2) , (N = 22) . (3.4.38)
The Spin(6)/Spin(5) × SU(2)/U(1) case can be easily ruled out, as Y = Z = 0.
Then, the dilaton field equation implies that X = W = S = F = 0, which in turn
leads to a contradiction, since the warp factor field equation cannot be satisfied.
Moreover, the Spin(5)/Spin(4) × (SU(2) × SU(2))/SU(2) internal space has been
investigated already, as it is a special case of Spin(5)/Spin(4)× SU(2).
S5 × S2 = U(3)/U(2)× SU(2)/U(1)
The geometry of the homogeneous space S5 = U(3)/U(2) has been described in
section 3.3.8. Using this, the most general invariant metric on M7 can be written as
ds2(M7) = ds2(S5) + ds2(S2) = a (`5)2 + b δrs`
r`s + c
(
(`6)2 + (`7)2
)
, (3.4.39)
where a, b, c > 0 are constants (`r, `5), r = 1, 2, 3, 4, is a left-invariant frame on S5
and (`6, `7) is a left-invariant frame on S2. The invariant forms on the homogeneous
space are generated by
`5 , ω = `12 + `34 , σ = `67 , (3.4.40)
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with
d`5 = ω , dσ = 0 . (3.4.41)
The most general invariant fluxes are
X =
1
2
α1 ω
2 + α2 ω ∧ σ , Z = β1 `5 ∧ ω + β2 `5 ∧ σ ,
F = γ1 ω + γ2σ , Y = δ `
5 . (3.4.42)
The Bianchi identity dZ = 0 implies that β1 = β2 = 0. So Z = 0. The remaining
Bianchi identities imply that
SW = 0 , δ = −Wγ1 , Wγ2 = 0 . (3.4.43)
To continue first take S 6= 0. In such a case W = 0 and so δ = 0. As both
Y = Z = 0, the dilaton field equation implies that S = X = F = 0. This is a
contradiction to the assumption that S 6= 0.
Therefore we have to set S = 0. Furthermore W 6= 0 as otherwise Y = Z = 0
and the dilaton field equation will imply that all other fluxes must vanish. This in
turn leads to a contradiction as the warp factor field equation cannot be satisfied.
As W 6= 0, we have γ2 = 0. Then, the field equation for the fluxes (3.4.3) give
∗7X ∧ F = 0, which implies that
α2γ1 = 0 , γ1α1 = 0 . (3.4.44)
Notice that γ1 6= 0 as otherwise δ = 0 and so Y = Z = 0 leading again to a
contradiction. Thus, we find α1 = α2 = 0 and so X = 0.
As we have established that Z = X = 0, we can follow the analysis of the KSEs
in section 3.4.4 that leads to the conclusion that there are no supersymmetric AdS3
solutions with internal space U(3)/U(2)× SU(2)/U(1).
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3.4.7 N > 16 solutions with NR = 8
The 7-dimensional homogeneous spaces that admit an effective and transitive action
of one of the Lie algebras in (3.3.82) are
S7 = (Sp(2)× Sp(1))/Sp(1)× Sp(1) , (N = 18) ;
S4 × S3 = Spin(5)/Spin(4)× SU(2) , (N = 18) ;
S4 × S2 × S1 = Spin(5)/Spin(4)× SU(2)/U(1)× S1 , (N = 18) ;
S5 × S2 = Spin(6)/Spin(5)× SU(2)/U(1) , (N = 20) ;
S5 × S2 = U(3)/U(2)× SU(2)/U(1) , (N = 20) ;
Nk,l,m = (SU(2)× SU(3)× U(1))/∆k,l,m(U(1)× U(1)) · (1× SU(2)) , (N = 20) ;
S4 × S3 = Spin(5)/Spin(4)× (SU(2)× SU(2))/SU(2) , (N = 18) . (3.4.45)
The only new cases that arise and have not already been investigated are those with
internal space S4 × S2 × S1 = Spin(5)/Spin(4) × SU(2)/U(1) × S1 and Nk,l,m. All
the remaining ones do not give supersymmetric solutions with N > 16 and NR = 8.
S4 × S2 × S1 = Spin(5)/Spin(4)× SU(2)/U(1)× S1
The most general invariant metric on this homogeneous space can be written as
ds2(M7) = ds2(S4) + ds2(S2) + ds2(S1)
= a δrs`
r`s + b
(
(`5)2 + (`6)2
)
+ c (`7)2 , (3.4.46)
where a, b, c > 0 are constants and `r, r = 1, 2, 3, 4, is a left-invariant frame on S4,
(`5, `6) is a left-invariant frame on S2 and `7 is a left-invariant frame on S1. The
most general invariant form fluxes can be chosen as
X = α `1234 , Z = γ `7 ∧ `56 , F = β `56 , Y = δ `7 , (3.4.47)
where α, β, γ, δ are constants.
From the Bianchi identities (3.4.2) and the field equation (3.4.4), we find that
Sγ = 0 , αγ = 0 , SW = 0 , Wβ = 0 . (3.4.48)
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First, suppose that S 6= 0. It follows that W = Z = 0. Moreover, from the field
equation of Z (3.4.3) follows that F = 0. Next, consider the Einstein field equation
to find that
R
(7)
77 = −14Y 2 − 196X2 − 14S2 . (3.4.49)
However, this is the Ricci tensor of S1 and hence vanishes. This in turn gives S = 0
which is a contradiction to our assumption that S 6= 0.
Thus, we have to set S = 0. The Bianchi identities (3.4.2) and the field equation
(3.4.4) give that
αγ = 0 , Wβ = 0 , (3.4.50)
and the field equations (3.4.3) of the form field strengths imply that
Wδ = 0 , Wα = 0 . (3.4.51)
Therefore, if W 6= 0, we will have F = Y = X = 0. Furthermore as R(7)77 = 0, the
Einstein equation reveals that Z = 0. Then the dilaton field equation implies that
W = 0 which is a contradiction to our assumption that W 6= 0.
It remains to investigate solutions with W = S = 0. Notice that we should take
Z 6= 0, or equivalently γ 6= 0, as otherwise the Einstein equation R(7)77 = 0 will imply
that X = Y = F = 0 and so the warp factor field equation cannot be satisfied
leading to a contradiction. Thus Z 6= 0 and since αγ = 0, we have that X = 0.
Inserting X = S = W = 0 into the dilatino and algebraic KSEs we find that they
can be rewritten as (
− γ
b
√
c
J1J2 +
3
2
β
b
J1 − 1
2
δ√
c
J2
)
σ+ = 0 ,(β
b
J1 +
δ√
c
J2
)
σ+ = − 4
`A
σ+ , (3.4.52)
where J1 = Γ
56ΓzΓ11 and J2 = Γ
7. As each common eigenspace of J1 and J2 has
dimension 4 to find solutions with N > 16 supersymmetries we have to choose at
least two of these eigenspaces. One can verify after some calculation that for all
possible pairs of eigenspaces the resulting system of equations arising from (3.4.52)
does not have solutions. Therefore, there are no AdS3 solutions that have internal
152
Chapter 3. A Non-existence Theorem for N > 16 Supersymmetric AdS3
Backgrounds
space Spin(5)/Spin(4)× SU(2)/U(1)× S1 and preserve N > 16 supersymmetries.
Nk,l,m = (SU(2)× SU(3)× U(1))/∆k,l,m(U(1)× U(1)) · (1× SU(2))
As Nk,l,m is a modification of Nk,l, see [128,129], we can use the local description of
the geometry of the latter in appendix F to describe this space. In particular, the
metric can be written as
ds2(M7) = a (`7)2 + b (δrs`
r`s + δrs ˆ`
r ˆ`s) + c ((`5)2 + (`6)2) , r, s = 1, 2 , (3.4.53)
where (`r, ˆ`r, `5, `6, `7) is a left-invariant frame and a, b, c > 0 constants. From the
results of appendix F, one can deduce that there are no closed 3-forms and so Z = 0.
The remaining invariant form field strengths are
X =
1
2
α1ω
2
1 + α2ω1 ∧ ω2 , F = γ1ω1 + γ2ω2 , Y = δ`7 , (3.4.54)
where α1, α2, γ1, γ2, δ are constants. The Bianchi identities (3.4.2) imply that
SW = 0 , − δ
8l
= γ1W ,
δ
4k
= γ2W . (3.4.55)
Furthermore, the field equation for Z in (3.4.3) gives
c
b2
α1γ1 +
1
c
α2γ2 + Scγ1 = 0
α2γ1 +
1
2
Sγ2b
2 = 0 . (3.4.56)
Clearly, from (3.4.55) either S = 0 or W = 0. Suppose that S 6= 0. Then W = 0
and from the rest of the conditions arising in the Bianchi identities, Y = 0. As both
Y = Z = 0, the dilaton field equation implies that S = F = X = W = 0 which is a
contradiction to our assumption that S 6= 0.
Therefore, we set S = 0. We also take W 6= 0 as otherwise the same argument
presented above leads to a contradiction again. As S = 0, the last condition in
(3.4.56) implies that α2γ1 = 0. However, γ1 cannot vanish. Indeed, if γ1 = 0, then
(3.4.55) will lead to Y = 0. Since Y = Z = 0, the dilaton field equation in (3.4.5)
will imply that the rest of the fields vanish. In turn the warp factor field equation
(3.4.6) cannot be satisfied. Thus we have to set γ1 6= 0. In that case α2 = 0 and the
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first equation in (3.4.56) gives α1 = 0. As both α1 = α2 = 0, X = 0.
We have shown that the remaining non-vanishing fields are W , Y and F . To con-
tinue, consider the dilatino and algebraic KSEs. These can be written as in (3.4.16).
Then a similar argument as that presented in section 3.4.4 leads to a contradiction.
There are no supersymmetric AdS3 solutions with internal space N
k,l,m.
3.5 N > 16 AdS3 ×w M 7 solutions in IIB
3.5.1 Field equations and Bianchi identities for N > 16
The bosonic fields of IIB supergravity are a metric ds2, a complex 1-form field
strength P , a complex 3-form field strength G and a real self-dual 5-form field
strength F . For the investigation of IIB AdS3 ×w M7 backgrounds that follows,
we shall employ the analysis presented in [76], where all the necessary formulae can
be found. Since we are focusing on backgrounds that preserve N > 16 supersymme-
tries, the homogeneity theorem implies that the scalars are constant and so P = 0.
We shall use this from the beginning to simplify the relevant field equations, Bianchi
identities and KSEs. Imposing the symmetries of the AdS3 subspace on the fields,
one finds that the non-vanishing fields are
ds2 = 2e+e− + (ez)2 + ds2(M7) , F = e+ ∧ e− ∧ ez ∧ Y − ∗7Y
G = X e+ ∧ e− ∧ ez +H , (3.5.1)
where a null orthonormal frame (e+, e−, ez, ei), i = 1, . . . , 7, is defined as (3.3.3) and
ds2(M7) = δije
iej. Y is a real 2-form, X is a complex function and H a complex
3-form on M7. The dependence of the fields on AdS3 coordinates is hidden in the
definition of the frame (e+, e−, ez). All the components of the fields in this frame
depend on the coordinates of M7.
The Bianchi identities of the k-form field strengths can be written as
dY =
i
8
(XH −XH) , dX = 0
d ∗7 Y = − i
8
H ∧H , dH = 0 , (3.5.2)
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while their field equations are
1
6
H2 +X2 = 0 , d ∗7 H = 4iX ∗7 Y + 4iY ∧H . (3.5.3)
Note that the Bianchi identities imply that X is constant. We have also used that
the warp factor A is constant. This is proved as in eleven dimensions upon making
use of the compactness of M7 and the homogeneity theorem.
The Einstein equation along AdS3 and M
7 becomes
2Y 2 +
3
8
XX +
1
48
HijkH
ijk
=
2
`2
A−2 ,
R
(7)
ij = 2Y
2δij − 8Y 2ij +
1
4
H(i
klHj)kl
+
1
8
XXδij − 1
48
HklmH
klm
δij , (3.5.4)
respectively. Here, ∇ denotes the Levi-Civita connection on M7 and R(7) is the Ricci
tensor on the transverse space. The first condition above is the field equation for the
warp factor.
3.5.2 The Killing spinor equations
The solution of the KSEs of IIB supergravity along the AdS3-subspace can be ex-
pressed as in (3.3.9), only that now σ± and τ± are Spin(9, 1) Weyl spinors which
depend only on the coordinates of M7 and satisfy the lightcone projections Γ±σ± =
Γ±τ± = 0. The remaining independent KSEs are the gravitino
∇(±)i σ± = 0 , ∇(±)i τ± = 0 , (3.5.5)
dilatino
A(±)σ± = 0 , A(±)τ± = 0 , (3.5.6)
and algebraic
Ξ(±)σ± = 0 ,
(
Ξ(±) ± 1
`
)
τ± = 0 , (3.5.7)
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KSEs, where
∇(±)i = ∇i ±
i
4
/ΓY iΓz ∓
i
2
/Y iΓz
+
(
− 1
96
/ΓH i +
3
32
/H i ∓
1
16
XΓzi
)
C∗ ,
A(±) = ∓1
4
XΓz +
1
24
/H ,
Ξ(±) = ∓ 1
2`
± i
4
A/Y +
(
1
96
AΓz /H ± 3
16
AX
)
C∗ , (3.5.8)
and C is the charge conjugation matrix followed by complex conjugation. In the
expressions above we have used that P = 0 and that A is constant. As in the
11-dimensional and IIA supergravities, the IIB AdS3 backgrounds preserve an even
number of supersymmetries.
3.5.3 N > 16 solutions with NR = 0 and NR = 2
The existence of solutions that preserve strictly 28 and 30 supersymmetries has al-
ready been excluded in [117]. As in the IIA case, IIB N > 16 supersymmetric AdS3
solutions with NR = 0 can also be ruled out because there are no 7-dimensional ho-
mogeneous manifolds that admit a transitive and effective action of the t0 subalgebra
of the expected symmetry superalgebra of such backgrounds. So we shall begin with
backgrounds with NR = 2. The homogeneous spaces are as those in IIA and are
given in (3.4.12).
The homogeneous space S7 = Spin(8)/Spin(7) can be ruled out immediately.
This symmetric space does not admit invariant 2- and 3-forms. Therefore Y = H = 0.
Then, a field equation in (3.5.3) implies that X = 0 as well and so the warp factor
field equation in (3.5.4) cannot be satisfied.
Similarly, S7 = Spin(7)/G2 can also be ruled out, as it does not admit an invariant
closed 3-form and so H = 0. Also, it does not admit an invariant 2-form either, i.e.
Y = 0. Then because of the field equations in (3.5.3), one deduces that X = 0 and
so the warp factor field equation in (3.5.4) becomes inconsistent.
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S7 = U(4)/U(3)
Following the description of the geometry of the homogeneous space U(4)/U(3) as
in section 3.3.7, the most general allowed fluxes are
Y = αω , H = β `7 ∧ ω . (3.5.9)
The Bianchi identity dH = 0 requires that β = 0. In turn a field equation in (3.5.3)
implies that X = 0. Substituting this back into the Bianchi identities (3.5.2), one
finds that Y is harmonic and so it must vanish. As all fluxes vanish, the warp factor
field equation in (3.5.4) becomes inconsistent. There are no AdS3 solutions with
internal space U(4)/U(3).
S7 = (Sp(2)× Sp(1))/Sp(1)× Sp(1)
The geometry of this homogeneous space described in section 3.3.7 reveals that there
are no invariant 2-forms and closed 3-forms. As a result Y = H = 0. The field
equations (3.5.3) imply that X = 0 as well. Therefore, there are no solutions as the
warp factor field equation cannot be satisfied.
S4 × S3 = Spin(5)/Spin(4)× SU(2)
The geometry of this homogeneous space space has been described in section 3.4.4.
The most general fluxes can be chosen as
Y =
1
2
αr
r
st`
s ∧ `t , H = β `123 , (3.5.10)
where r, s, t = 1, 2, 3. As Y is both closed and co-closed and H2(S4 × S3) = 0, we
deduce that Y = 0 and so a Bianchi identity in (3.5.2) implies that
X¯β −Xβ¯ = 0 . (3.5.11)
This together with a field equation in (3.5.3) imply |β|2+|X|2 = 0 and so X = H = 0.
Then the warp factor field equation in (3.5.4) cannot be satisfied. There are no AdS3
solutions with internal space Spin(5)/Spin(4)× SU(2).
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3.5.4 N > 16 solutions with NR = 4
The homogeneous internal spaces are given in (3.4.26). It is straightforward to show
that S6 × S1 = Spin(7)Spin(6) × S1 is not a solution as Y = H = X = 0 which
contradicts the warp factor field equation.
G2/SU(3)× S1
In the notation of section 3.4.5 the metric can be chosen as ds2 = aδrs¯λ
rλs¯ + b(`7)2
and the most general invariant Y and H forms are
Y = αω , H = β1 Imχ+ β2 `
7 ∧ ω + β3 Reχ . (3.5.12)
The Bianchi identity dH = 0 implies that β2 = β3 = 0. Set β1 = β. It follows from
the Bianchi identity for Y in (3.5.2) that
3α =
i
8
(X¯β − β¯X) . (3.5.13)
Furthermore the field equation for H in (3.5.3) gives
β = −iX aα . (3.5.14)
Next turn to the dilatino KSE. Setting λr = `2r−1 + i`2r, it can be written as
β
a
3
2
(J1 + J2 − J3 − J1J2J3)σ+ = Xσ+ (3.5.15)
where J1 = ΓzΓ136, J2 = ΓzΓ235 and J3 = ΓzΓ246. These are commuting Hermitian
Clifford algebra operators with eigenvalues ±1. For all choices of eigenspaces either
X = 0 or X = ±4β/a 32 . Substituting this into the first field equation in (3.5.3), we
find that β = 0. Therefore, X = 0 as well. Then (3.5.13) and (3.5.14) imply that
Y = H = 0. Thus the warp factor field equation in (3.5.4) cannot be satisfied. Hence,
there are no supersymmetric AdS3 solutions with internal space G2/SU(3)× S1.
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3.5.5 N > 16 solutions with NR = 6
The allowed homogeneous internal spaces are given in (3.4.38). We have already
investigated the AdS3 backgrounds with internal space S
4×S3 = Spin(5)/Spin(4)×
(SU(2)× SU(2))/SU(2) as they are a special case of those explored in section 3.5.3
and we have found that there are no solutions. Next, we shall examine the remaining
two cases.
S5 × S2 = Spin(6)/Spin(5)× SU(2)/U(1)
The metric can be chosen as
ds2(M7) = ds2(S5) + ds2(S2) = a δrs`
r`s + b
(
(`6)2 + (`7)2
)
, (3.5.16)
where a, b > 0 are constants, `r, r = 1, . . . , 5 is a left-invariant frame on S5 and
(`6, `7) is a left-invariant frame on S2. As this symmetric space does not admit
invariant 3-forms, we have H = 0. Then a field equation in (3.5.3) implies that
X = 0. Setting Y = α `67, the Einstein equation along S2 gives
R(7)pq = −4
α2
b2
δpq , p, q = 6, 7 . (3.5.17)
However the Ricci tensor of S2 is strictly positive. Thus there are no AdS3 solutions
with internal space Spin(6)/Spin(5)× SU(2)/U(1).
S5 × S2 = U(3)/U(2)× SU(2)/U(1)
The geometry of this homogeneous space has already been described in section 3.4.6
and the metric is given in (3.4.39). The most general fluxes can be chosen as
Y = α1 ω + α2 σ , H = β1 `
5 ∧ ω + β2 `5 ∧ σ . (3.5.18)
The Bianchi identity dH = 0 implies that β1 = β2 = 0 and so H = 0. Furthermore,
a field equation in (3.5.3) yields X = 0, and d ∗7 Y = 0 implies α1 = 0.
Next, consider the Einstein equation (3.5.4) along S2. A direct calculation reveals
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that
R(7)pq = −4
α22
b2
δpq , p, q = 6, 7 . (3.5.19)
However, the Ricci tensor of S2 is strictly positive. There are no AdS3 solutions with
internal space U(3)/U(2)× SU(2)/U(1).
3.5.6 N > 16 solutions with NR = 8
The allowed homogeneous internal spaces are given in (3.4.45). All these cases have
already been investigated apart from those with internal space S4 × S2 × S1 =
Spin(5)/Spin(4)× SU(2)/U(1)× S1 and Nk,l,m which we shall examine next.
S4 × S2 × S1 = Spin(5)/Spin(4)× SU(2)/U(1)× S1
The geometry of this symmetric space has been described in section 3.4.7. The metric
can be chosen as in (3.4.46) and the most general invariant fluxes are
Y = α `56 , H = β `567 . (3.5.20)
As dY = 0, the Bianchi identities (3.5.2) give that
X¯β − β¯X = 0 , (3.5.21)
which, together with a field equations in (3.5.3), imply that H = X = 0. The only
non-vanishing field is Y . However as in the previous case after evaluating the Einstein
equation along S2, one finds a similar relation to (3.5.19). This is a contradiction
as the Ricci tensor of S2 is strictly positive, i.e. there are no AdS3 solutions with
internal space Spin(5)/Spin(4)× SU(2)/U(1)× S1.
Nk,l,m = (SU(2)× SU(3)× U(1))/∆k,l,m(U(1)× U(1)) · (1× SU(2))
The metric can be chosen as in (3.4.53). From the results of appendix F, one can
deduce that there are no closed invariant 3-forms and so H = 0. The field equations
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(3.5.3) imply that X = 0 as well. The most general 2-form Y is
Y = α1 ω1 + α2 ω2 . (3.5.22)
The Bianchi identities imply that Y must be harmonic. Observe that dY = 0. The
co-closure condition implies that
α1
l b2
− α2
k c2
= 0 , (3.5.23)
where dvol = 1
2
ω21 ∧ ω2 ∧ `7.
Next the algebraic KSE (3.5.7) can be written as(α1
b
(J1 + J2) +
α2
c
J3
)
σ+ =
1
`A
σ+ , (3.5.24)
where J1 = iΓ
12, J2 = iΓ
34 and J3 = iΓ
56. The relations amongst the fluxes for
each of the eigenspaces can be found in table 3.10. The warp factor field equation in
(3.5.4) also gives
4
α21
b2
+ 2
α22
c2
=
1
`2A2
. (3.5.25)
Since the common eigenspaces of J1, J2, J3 have dimension 2 to find solutions pre-
serving N > 16 supersymmetries, one needs to choose at least three such eigenspaces.
Table 3.10: Decomposition of (3.5.24) into eigenspaces
|J1, J2, J3〉 relations for the fluxes
|±,∓,+〉 α2
c
= 1
`A
|±,∓,−〉 α2
c
= − 1
`A
|±,±,±〉 2α1
b
+ α2
c
= ± 1
`A
|±,±,∓〉 2α1
b
− α2
c
= ± 1
`A
The eigenspaces that lead to the relation α2
c
= ± 1
`A
for the fluxes can be ruled
out because of the warp factor field equation. Therefore, we have to choose three
eigenspaces from the remaining cases in table 3.10. For every choice of a pair of
relations either α1 or α2 vanishes. Then, the co-closure condition (3.5.23) implies
that Y = 0. There are no AdS3 supersymmetric solutions preserving N > 16 super-
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A Uniqueness Theorem for warped N > 16
Minkowski Backgrounds with Fluxes
In this chapter, we demonstrate that warped Minkowski space backgrounds, Rn−1,1×w
Md−n, n ≥ 3, preserving strictly more than 16 supersymmetries in 11-dimensional
and type II supergravities, and with fields, which may not be smooth everywhere,
are locally isometric to the Rd−1,1 Minkowski vacuum. In particular, all such flux
compactification vacua of these theories have the same local geometry as the maxi-
mally supersymmetric vacuum Rn−1,1 × T d−n. The following work was conducted in
collaboration with George Papadopoulos and published in [10].
4.1 Proof of the main statement
Recently, all warped anti-de-Sitter (AdS) backgrounds with fluxes that preserve N >
16 supersymmetries in d = 11 and d = 10 supergravities have been classified up to a
local isometry in [8,9,97]. In this chapter, we extend this result to include all warped
Rn−1,1×wMd−n backgrounds of these theories. In particular, we demonstrate that all
warped Rn−1,1 ×w Md−n, n ≥ 3, solutions with fluxes of d = 11, IIA d = 10 and IIB
d = 10 supergravities that preserve N > 16 supersymmetries are locally isometric
to the Rd−1,1 maximally supersymmetric vacuum of these theories. Massive IIA
supergravity does not admit such solutions. A consequence of this is that all N > 16
flux compactification vacua, Rn−1,1 ×w Md−n, of these theories are locally isometric
to the maximally supersymmetric toroidal vacuum Rn−1,1 × T d−n. To prove these
results we have made an assumption that the translation isometries along the Rn−1,1
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subspace of these backgrounds commute with all the odd generators of their Killing
superalgebra. The necessity and justification of this assumption will be made clear
below.
To begin, we shall first describe the steps of the proof common to all d = 11 and
d = 10 theories and then at the end specialise to present the theory-specific features
in each case. Schematically, the fields of Rn−1,1 ×w Md−n backgrounds are
ds2 = A2ds2(Rn−1,1) + ds2(Md−n) ,
F = W ∧ dvolA(Rn−1,1) + Z , (4.1.1)
where A is the warp factor that depends only on the coordinates of the internal space
Md−n, dvolA(Rn−1,1) denotes the volume form of Rn−1,1 evaluated in the warped
metric and F denotes collectively all the k-form fluxes of the supergravity theories.
We take ds2(Rn−1,1) = 2dudv + dz2 + δabdxadxb, where we have singled out a spatial
coordinate z which will be useful later. W and Z are (k− n)- and k-forms on Md−n
which depend only on the coordinates of Md−n. Clearly if n > k, W = 0. Therefore,
these backgrounds are invariant under the Poincare´ isometries of the Rn−1,1 subspace.
It is known that there are no smooth compactifications with non-trivial fluxes of
d = 10 and d = 11 supergravities [130, 131], i.e. solutions for which all fields are
smooth including the warp factor and Md−n is compact without boundary. However,
here we do not make these assumptions. Md−k is allowed to be non-compact and
the fields may not be smooth.
To continue following the description of Rn−1,1 ×wMd−n backgrounds in [75–77],
where one can also find more details about our notation, we introduce a light-cone
orthonormal frame
e+ = du , e− = (dr − 2rA−1dA) , em = Adxm , ei = eiIdyI , (4.1.2)
on the spacetime with ds2(Md−n) = δijeiej. Then the Killing spinors of the Rn−1,1×w
Md−n backgrounds can be written as
 = σ+ + uΓ+ΓzΞ
(−)σ− + A
∑
m
xmΓmΓzΞ
(+)σ+
+σ− + rΓ−ΓzΞ(+)σ+ + A
∑
m
xmΓmΓzΞ
(−)σ− , (4.1.3)
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where xm = (z, xa), all the gamma matrices are in the frame basis (4.1.2) and the
spinors σ±, Γ±σ± = 0, only depend on the coordinates of Md−n. The remaining
independent KSEs are a restriction of the gravitino and algebraic KSEs of the su-
pergravity theories on σ± which schematically can be written as
D
(±)
i σ± = 0 , A(±)σ± = 0 , (4.1.4)
respectively, and, in addition, an integrability condition
(Ξ(±))2σ± = 0 , (4.1.5)
where Ξ(±) is a Clifford algebra element that depends on the fields. Ξ(±) will not be
given here and can be found in the references above. The latter arises as a conse-
quence of integrating the gravitino KSE of the theories along the Rn−1,1 subspace.
Notice that the (spacetime) Killing spinors (4.1.3) may depend on the coordinates
of the Rn−1,1 subspace. Such a dependence arises, whenever σ± is not in the kernel
of Ξ(±). Of course σ± is required to lie in the kernel of of (Ξ(±))2. To see why
this dependence can arise for Rn−1,1 ×w Md−n backgrounds, notice that AdSn+1 in
Poincare´ coordinates can be written as a warped product of Rn−1,1 ×w R. Therefore
all AdS backgrounds, warped or otherwise, can be interpreted as warped Minkowski
space backgrounds. It is also known that the former admit Killing spinors that
depend on all AdS coordinates including those of the Minkowski subspace. Therefore
Rn−1,1 ×w Md−n may also admit Killing spinors that depend on the coordinates of
Rn−1,1, see also [80] for a more detailed explanation.
The assumption we have made that the commutator of the translations P along
Rn−1,1 and the odd generators Q of the Killing superalgebra [87, 88] must vanish,
[P,Q] = 0, is required for Killing spinors  not to exhibit a dependence on the coor-
dinates of Rn−1,1. Indeed, if the Killing spinors have a dependence on the Minkowski
subspace coordinates, then the commutator [P,Q] of the Killing superalgebra will
not vanish. This can be verified with an explicit computation of the spinorial Lie
derivative of  in (4.1.3) along the translations of Rn−1,1. Although this may seem to
be a technical assumption, it also has a physical significance in the context of flux
compactifications. Typically, the reduced theory is invariant under the Killing su-
peralgebra of the compactification vacuum. So, for the reduced theory to exhibit at
most super-Poincare´ invariance, one must set [P,Q] = 0 for all P and Q generators.
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This physical justification applies only to compactification vacua, but we shall take
it to be valid for all backgrounds that we are investigating below. Of course such
an assumption excludes all AdS solutions of supergravity theories re-interpreted as
warped Minkowski backgrounds. Therefore from now on we shall take Ξ(±)σ± = 0
and so all Killing spinors  will not depend on the coordinates of the Rn−1,1 subspace.
Before we proceed further, let us describe the Killing spinors of Rn−1,1 ×w Md−n
backgrounds in more detail. It turns out that if σ+ is a Killing spinor, then σ− ..=
AΓ−zσ+ is also a Killing spinor. Similarly, if σ− is a Killing spinor, then σ+ ..=
A−1Γ+zσ− is also a Killing spinor. Furthermore, if σ+ is a Killing spinor, then
σ′+ ..= Γmnσ+ are also Killing spinors for every m,n. Therefore, the Killing spinors
form multiplets under these Clifford algebra operations. The counting of Killing
spinors of a background proceeds by identifying the linearly independent Killing
spinors in each multiplet and then counting the number of different multiplets that
can occur [75–77]. As all Killing spinors are generated from σ+ Killing spinors, we
shall express all key formulae in terms of the latter.
The 1-form bilinears of the Killing spinors r, r = 1, . . . , N , that are associated
with spacetime Killing vectors, and also leave all other fields invariant are
X(r, s) ..= 〈(Γ+ − Γ−)r,ΓAs〉s eA , (4.1.6)
where in d = 11 and IIA supergravity theories 〈(Γ+ − Γ−)·, ·〉s is the Dirac inner
product restricted on the Majorana representation of Spin(10, 1) and Spin(9, 1),
respectively, while in IIB it is the real part of the Dirac inner product. Note that
X(r, s) = X(s, r). In particular, one finds that
X(σr−, σ
s
−) = 2A
2〈σr+,ΓzΓAΓ−Γzσs+〉seA ,
X(σr−, σ
s
+) = 2A〈σr+,ΓzΓAσs+〉seA ,
X(σr+, σ
s
+) = −〈σr+,Γ+ΓAσs+〉seA . (4.1.7)
Clearly, the last 1-form bilinear is X(σr+, σ
s
+) = −2〈σr+, σs+〉se−. The requirement
that X(σr+, σ
s
+) is Killing, implies that 〈σr+, σs+〉s are constants. In particular, one
can choose, without loss of generality, that 〈σr+, σs+〉s = (1/2)δrs. Then, the first
1-form bilinear in (4.1.7) is X(σr−, σ
s
−) = 2A
2δrse+.
Next, consider the middle 1-form bilinear in (4.1.7). If σr+ is in the same multiplet
as σs+, i.e. σ
s
+ = Γzaσ
r
+, then X(σ
r
−, σ
s
+) = −δrsA ea. On the other hand, if σs+ = σr+,
166
Chapter 4. A Uniqueness Theorem for warped N > 16 Minkowski Backgrounds
with Fluxes
then X(σr−, σ
r
+) = A e
z. Thus all these bilinears generate the translations in Rn−1,1.
However, if σr+ and σ
s
+ are not in the same multiplet, then the bilinear
X˜rs ..= X(σ
r
−, σ
s
+) = 2A〈σr+,ΓzΓiσs+〉s ei , (4.1.8)
will generate the isometries of the internal space. The Killing condition of X˜ implies
that
X˜ irs∂iA = 0 . (4.1.9)
As the X˜ isometries commute with the translations, the even part, g0, of the Killing
superalgebra decomposes as g0 = p0 ⊕ t0, where p0 is the Lie algebra of translations
in Rn−1,1 and t0 is the Lie algebra of isometries in the internal space Md−n.
So far we have not used the assumption that the backgrounds preserve N >
16 supersymmetries. If this is the case, the Killing vectors generated by g0 span
the tangent space of the spacetime at each point. This is a consequence of the
homogeneity theorem proven for d = 11 and d = 10 supergravity backgrounds in
[85, 105]. This states that all solutions of these theories that preserve more than 16
supersymmetries must be locally homogeneous. In this particular case, because of
the decomposition of g0, the Killing vector fields generated by t0 span the tangent
space of Md−n at every point. As a result, the condition (4.1.9) implies that A is
constant. The main result of this chapter then follows as a consequence of the field
equation of the warp factor and those of the rest of the scalar fields of these theories.
So to complete the proof we shall state the relevant equations on a case by case basis.
In 11-dimensional supergravity, the 4-form field strength of the theory for Rn−1,1×w
M11−n, n ≥ 3, backgrounds can be expressed as
F = dvolA(Rn−1,1) ∧W 4−n + Z , (4.1.10)
with W 4−n = 0 for n > 4, and the warp factor field equation is
∇˜2 logA = −n(∂ logA)2 + 1
3 · (4− n)!(W
4−n)2 +
1
144
Z2 , (4.1.11)
where ∇˜ is the Levi-Civita connection on M11−n. The superscripts on the forms
denote their degree whenever it is required for clarity. Clearly if A is constant, as
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it has been demonstrated above for N > 16 backgrounds, then W n−4 = Z = 0.
So F = 0 and thus all the fluxes vanish. In fact, this is also the case for n = 2
provided that A is taken to be constant. As F = 0 and A is constant, the gravitino
KSE in (4.1.4) implies that all the Killing spinors σ± are parallel with respect to the
Levi-Civita connection, ∇˜, on M11−n. This in turn means that all the Killing vector
fields X˜ in (4.1.8), which span the tangent space of M11−n, are also parallel with
respect to ∇˜. Thus M11−n is locally isometric to R11−n. Therefore, the backgrounds
Rn−1,1×wM11−n are locally isometric to the maximally supersymmetric vacuum R10,1.
Notice that the last step of the proof requires the use of the homogeneity theorem.
In (massive) IIA supergravity, the 4-form F , 3-formH and 2-formG field strengths
of the theory for Rn−1,1 ×w M10−n, n ≥ 3, backgrounds can be written as
F = dvolA(Rn−1,1) ∧W 4−n + Z ,
H = dvolA(Rn−1,1) ∧ P 3−n +Q ,
G = L , (4.1.12)
where W 4−n vanishes for n > 4 and similarly P 3−n vanishes for n > 3. The field
equations for the warp factor A and dilaton field Φ, n > 2, are
∇˜2 log A = −n(∂ log A)2 + 2∂i log A∂iΦ + 1
2
(P 3−n)2 +
1
4
S2 +
1
8
L2
+
1
96
Z2 +
1
4
(W 4−n)2 ,
∇˜2Φ = −n∂i logA∂iΦ + 2(dΦ)2 − 1
12
Q2 +
1
2
(P 3−n)2 +
5
4
S2 +
3
8
L2
+
1
96
Z2 − 1
4
(W 4−n)2 , (4.1.13)
where S = eΦm and m is the cosmological constant of (massive) IIA supergravity.
Clearly, if both A and Φ are constant, which is the case for all N > 16 backgrounds,
then the above two field equations imply that all the form fluxes will vanish. Signifi-
cantly, the cosmological constant must vanish as well. There are no Rn−1,1×wM10−n
solutions in massive IIA supergravity that preserve N > 16 supersymmetries. In IIA
supergravity, an argument similar to the one presented above in d = 11 supergravity
reveals that M10−n is locally isometric to R10−n and so all N > 16 Rn−1,1 ×w M10−n
backgrounds are locally isometric to the maximally supersymmetric vacuum R10,1.
It is not apparent that the theorem holds for n = 2 even if A and Φ are taken to be
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constant.
In IIB supergravity the self-dual real 5-form F and complex 3-form H field
strengths of the theory for Rn−1,1 ×w M10−n, n ≥ 3, backgrounds can be expressed
as
F = dvolA(Rn−1,1) ∧W 5−n + ∗W 5−n ,
H = dvolA(Rn−1,1) ∧ P 3−n +Q , (4.1.14)
where W 5−n vanishes for n > 5 and P 3−n vanishes for n > 3. The field equation of
the warp factor is
∇˜2 logA = −n(∂ logA)2 + 3
8
|P 3−n|2 + 1
48
|Q|2 + 4
(5− n)!(W
5−n)2 . (4.1.15)
Clearly if A is constant, which we have demonstrated is the case for N > 16 back-
grounds, then F = H = 0. Moreover the homogeneity theorem implies that the
two scalar fields of IIB supergravity, the axion and the dilaton, are also constant. A
similar argument to that used in d = 11 supergravity implies that M10−n is locally
isometric to R10−n. Thus the Rn−1,1 ×wM10−n are locally isometric to the R9,1 max-
imally supersymmetric vacuum of the theory. The same conclusion holds for n = 2
as well, provided that A is taken to be constant.
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Conclusions
In this thesis, we investigated all warped AdS4 and AdS3 backgrounds preserving
more than 16 real supercharges in 10- dimensional type II and 11-dimensional su-
pergravities. We made the assumption that either the internal manifold is compact
without boundary or equivalently that the isometry algebra of the background de-
composes into that of AdS and that of the transverse space. As we pointed out in
section 1.2.2 and 1.4, this is crucial for performing any sort of meaningful and un-
ambiguous classification. Otherwise, we could, for example, rewrite the maximally
supersymmetric AdS7 × S4 solution as a warped product of some lower dimensional
AdSk space (k < 7) with a non-compact manifold. Assuming a closed internal space
or, alternatively, the aforementioned decomposition of the bosonic KSA, culls such
“fake” vacua.
The key developments that enabled us to obtain the results in chapters 2, 3 and
4 are the proof of the homogeneity theorem [85], the integration of the Killing spinor
and field equations along the AdS subspace [75–77], as well as the classification of the
Killing superalgebras [91,92]. With these tools at our disposal, we proved in chapter
2 that there are no N > 16 AdS4 backgrounds in type IIB supergravity. Similarly,
we showed that all 11-dimensional N > 16 AdS4 backgrounds are locally isometric
to the maximally supersymmetric AdS4 × S7 solution. In type IIA the unique such
background is its reduction on the circle fibre, namely AdS4 ×CP3, which preserves
N = 24 supersymmetries. Furthermore in chapter 3, we proved a non-existence the-
orem for AdS3 solutions preserving strictly more than 16 supersymmetries. Finally
in chapter 4, we showed that all warped 10- and 11-dimensional N > 16 Minkowski
backgrounds Rn−1,1 ×w MD−n (n ≥ 3, D = 10, 11) with fields which may not be
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Table 5.1: AdS backgrounds preserving more than half maximal supersymmetry.
D = 11 IIA IIB
AdS7 AdS7 × S4 (N = 32) 7 7
AdS6 7 7 7
AdS5 7 7 AdS5 × S5 (N = 32)
AdS4 AdS4 × S7 (N = 32) AdS4 × CP3 (N = 24) 7
AdS3 7 7 7
AdS2 7 7 7
smooth everywhere and possibly non-compact internal spaces are locally isometric
to the Minkowski vacuum RD−1,1. Particularly in the context of flux compactifica-
tions, this means that all vacua of this type have the same local geometry as the
maximally supersymmetric toroidal vacuum Rn−1,1 × TD−n.
It is quite remarkable how sparse the landscape of N > 16 AdS solutions turns
out to be(cf. table 5.1). In fact, all the maximally supersymmetric solutions arise
as near-horizon limits of stacks of coincident D3-, M2- or M5-branes, respectively.
Incidentally, these are also the only configurations of coincident branes giving rise to
an AdS factor in the near-horizon limit, therefore it seems as though the existence
of more than half BPS AdS backgrounds is linked to supersymmetry enhancement
in near-horizon geometries. As for AdS4 × CP3, this background can be obtained
from M2-branes probing a C4/Zk singularity [7] which corresponds to dividing by
Zk in the near-horizon geometry, i.e. AdS4 × S7/Zk. The Zk action makes the S1 in
the Hopf fibration S1 ↪→ S7 → CP3 k times smaller, so as k becomes large, we end
up with CP3 in IIA. This actually illustrates another natural extension of our work.
We classified AdS backgrounds up to local isometry, i.e. we determined the local
geometries of the internal spaces G/H. It might be possible to find further solutions
by dividing out discrete subgroups, as was also pointed out in section 2.5, however
this requires a classification of all possible subgroups of SU(4) and Spin(8) which is
not available at the time of writing. Lastly, in the spirit of the classification of AdS
backgrounds with symmetric spaces as internal manifold in [104–107], one could
try and classify all N ≤ 16 homogeneous AdS backgrounds, however the reduced
amount of supersymmetry and hence reduced control over the geometry will greatly
complicate the analysis. Nevertheless, this would be a fruitful avenue to explore.
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Notation and conventions
Throughout this thesis, we use the mostly positive metric
η = (−,+, ...,+) . (A.1.1)
Our conventions for forms are as follows. Let ω be a k-form, then
ω =
1
k!
ωi1...ikdx
i1 ∧ · · · ∧ dxik , ω2ij = ωi`1...`k−1ωj`1...`k−1 ,
ω2 = ωi1...ikω
i1...ik . (A.1.2)
We also define
/ω = ωi1...ikΓ
i1...ik , /ωi1 = ωi1i2...ikΓ
i2...ik , /Γωi1 = Γi1
i2...ik+1ωi2...ik+1 , (A.1.3)
where the Γi are the Dirac gamma matrices. The gamma matrices are always taken
in an orthonormal frame and we use the notation
Γi1...ik = Γ[i1 ...Γik] (A.1.4)
for anti-symmetrised products with total weight 1. To simplify expressions, we use
the shorthand notation
ωn = ω ∧ · · · ∧ ω , `12...n = `1 ∧ `2 ∧ · · · ∧ `n (A.1.5)
where `i is a left-invariant frame, and similarly for an orthonormal frame ei.
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Our Hodge duality convention is
ω ∧ ∗ω = 1
k!
ω2dvol . (A.1.6)
The inner product 〈·, ·〉 we use on the space of spinors is that for which space-like
gamma matrices are Hermitian while time-like gamma matrices are anti-Hermitian,
i.e. the Dirac spin-invariant inner product is 〈Γ0·, ·〉. The norm ‖ · ‖=
√〈·, ·〉 is taken
with respect to 〈·, ·〉, which is positive definite. For more details on our conventions
see [75–77].
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su(k)
Here, we shall collect some formulae that are useful in understanding the homoge-
neous spaces admitting a transitive action of a group with Lie algebra su(k). A basis
over the reals of anti-Hermitian k × k traceless complex matrices is
(Mab)
c
d =
1
2
(δa
cδbd − δbcδad) ,
(Nab)
c
d =
ν(ab)
2
i(δa
cδbd + δb
cδad − 2
k
δabδc
d) , (B.0.1)
where ν(ab) is a normalization factor and a, b, c, d = 1, . . . , k. The trace of these
matrices yields an invariant inner product on su(k). In particular, the non-vanishing
traces are
tr(MabMa′b′) = −1
2
(δaa′δbb′ − δab′δba′) ,
tr(NabNa′b′) = −ν(ab)ν(a
′b′)
2
(δaa′δbb′ + δab′δba′ − 2
k
δabδa′b′) . (B.0.2)
It is customary to choose the normalization factors ν such that all generators have
the same length. In such a case, they will depend on k. However in what follows, it
is more convenient to choose ν = 1. The Lie brackets of su(k) are
[Mab,Ma′b′ ] =
1
2
(δba′Mab′ + δab′Mba′ − δaa′Mbb′ − δbb′Maa′) ,
[Mab, Na′b′ ] =
1
2
(δba′Nab′ − δab′Nba′ − δaa′Nbb′ + δbb′Naa′) ,
[Nab, Na′b′ ] = −1
2
(δba′Mab′ + δab′Mba′ + δaa′Mbb′ + δbb′Maa′) . (B.0.3)
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We shall proceed to describe the homogeneous spaces in (2.1.1) and (2.1.2) that
admit a transitive SU(k) action.
B.1 Mk = CPk−1 = SU(k)/S(U(k − 1)× U(1))
To describe the CPk−1 homogeneous space, we set
h = s(u(k − 1)⊕ u(1)) = R〈Mrs, Nrs, Nkk)〉 , m = R〈Mrk, Nsk〉 , (B.1.1)
where r, s = 1, . . . , k − 1. The brackets of the Lie subalgebra s(u(k − 1)⊕ u(1)) can
be read off from those in (B.0.3) while those involving elements of m are
[Mrk,Msk] = −1
2
Mrs , [Mrk, Nsk] =
1
2
Nrs − 1
2
δrsNkk ,
[Nrk, Nsk] = −1
2
Mrs , (B.1.2)
and
[Mrs,Mtk] =
1
2
(δtsMrk − δtrMsk) , [Mrs, Ntk] = 1
2
(δtsNrk − δtrNsk) ,
[Nrs,Mtk] =
1
2
(δtsNrk + δtrNsk) , [Nrs, Ntk] = −1
2
(δtsMrk + δtrMsk) ,
[Nkk,Msk] = −Nrk , [Nkk, Nrk] = Mrk . (B.1.3)
The left-invariant frame is `AmA = `
rMrk + `
r˜Nrk. The most general left-invariant
metric can be expressed as
ds2 = a (δrs`
r`s + δr˜s˜`
r˜`s˜) , (B.1.4)
where a > 0 is a constant. The left-invariant forms of CPk−1 are generated by the
(Ka¨hler) 2-form
ω = a δrs˜`
r ∧ `s˜ . (B.1.5)
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The non-vanishing components of the curvature of the metric in the orthonormal
frame are
Rrs,pq = − 1
4a
(δrqδsp − 1
a
δrpδsq) , Rrs,p˜q˜ = − 1
4a
(δrq˜δsp˜ − 1
a
δrp˜δsq˜) ,
Rrs˜,pq˜ =
1
4a
(δrq˜δs˜p + δrpδs˜q˜) +
1
2a
δrs˜δpq˜ , Rr˜s˜,p˜q˜ = − 1
4a
(δr˜q˜δs˜p˜ − δr˜p˜δs˜q˜) . (B.1.6)
This expression of the curvature matches that in (2.3.33) for CP3 up to an overall
scale.
B.2 Mk = SU(k)/SU(k − 1)
Next, let us turn to the SU(k)/SU(k − 1) homogeneous space. The embedding of
su(k − 1) = R〈M (k−1)rs , N (k−1)rs 〉, where r, s = 1, . . . , k − 1, into su(k) = R〈M (k)ab , N (k)ab 〉
is given by
M (k−1)rs = M
(k)
rs , N
(k−1)
rs = N
(k)
rs +
1
k − 1δrsN
(k)
kk . (B.2.1)
As m = R〈M (k)rk , N (k)sk , N (k)kk 〉, the (non-vanishing) commutators involving elements of
m are
[M
(k)
rk ,M
(k−1)
sk ] = −
1
2
M (k)rs , [M
(k)
rk , N
(k)
sk ] =
1
2
N (k−1)rs −
k
2(k − 1)δrsN
(k)
kk ,
[N
(k)
rk , N
(k)
sk ] = −
1
2
M (k−1)rs , (B.2.2)
and
[M (k−1)rs ,M
(k)
tk ] =
1
2
(δtsM
(k)
rk − δtrM (k)sk ) , [M (k−1)rs , N (k)tk ] =
1
2
(δtsN
(k)
rk − δtrN (k)sk ) ,
[N (k−1)rs ,M
(k)
tk ] = −
1
k − 1δrsN
(k)
tk +
1
2
(δtsN
(k)
rk + δtrN
(k)
sk ) ,
[N (k−1)rs , N
(k)
tk ] =
1
k − 1δrsM
(k)
tk −
1
2
(δtsM
(k)
rk + δtrM
(k)
sk ) ,
[N
(k)
kk ,M
(k)
rk ] = −N (k)rk , [N (k)kk , N (k)rk ] = M (k)rk . (B.2.3)
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Setting `AmA = ˆ`
rM
(k)
rk +
ˆ`˜rN
(k)
rk +
ˆ`0N
(k)
kk for the left-invariant frame, a direct com-
putation reveals that the most general invariant metric is
ds2 = a (δrs ˆ`
r ˆ`s + δr˜s˜ ˆ`˜
r ˆ`˜s) + b(ˆ`0)2 , (B.2.4)
where a, b > 0 are constants. Moreover the left-invariant 2- and 3-forms for k = 4
are generated by
ωˆ = δrs˜ ˆ`
r ∧ ˆ`˜s , ˆ`0 ∧ ωˆ , Re χˆ , Im χˆ , (B.2.5)
and their duals, where
χˆ =
1
3!
rst(ˆ`
r + i ˆ`˜r) ∧ (ˆ`s + i ˆ`˜s) ∧ (ˆ`t + i ˆ`˜t) , (B.2.6)
is the holomorphic (3,0)-form.
However for convenience, we re-label the indices of the left-invariant frame as
`2r−1 = ˆ`r, `2r = ˆ`˜r, `7 = ˆ`0, r = 1, 2, 3 in which case the left-invariant metric can be
rewritten as
ds2 = a δmn`
m`n + b (`7)2 = δmne
men + (e7)2 , (B.2.7)
where we have introduced an orthonormal frame em =
√
a `m, e7 =
√
b `7, and m,n =
1, . . . , 6. Note also that, up to an overall scale, the left-invariant 2- and 3-forms can
be re-written in terms of the orthonormal frame. In particular, we have
ω = e12 + e34 + e56 , e7 ∧ ω , Reχ , Imχ , (B.2.8)
where
χ = (e1 + ie2) ∧ (e3 + ie4) ∧ (e5 + ie6) . (B.2.9)
We shall use this orthonormal basis to solve the KSEs for this internal space.
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The Berger space B7 = Sp(2)/Sp(1)max
To describe the geometry of the Berger space B7, one identifies the vector representa-
tion 5 of so(5) = sp(2) with the symmetric traceless representation of so(3) = sp(1)
and then decomposes the adjoint representation of so(5) in so(3) representations as
10 = 3 ⊕ 7, where 7 is the symmetric traceless representation of so(3) constructed
with three copies of the vector representation. As a result so(5) = so(3)⊕m, where
so(3) and m are identified with the 3-dimensional and 7-dimensional representations,
respectively.
This decomposition can be implemented as follows. Consider the basis Wab,
a, b, c, d = 1, . . . , 5,
(Wab)
c
d = δ
c
aδbd − δcbδad , (C.0.1)
in so(5) leading to the commutators
[Wab,Wa′b′ ] = (δba′Wab′ + δab′Wba′ − δaa′Wbb′ − δbb′Waa′) . (C.0.2)
Then re-write each basis element using the 5 representation of so(3) as Wrs,tu, where
r, s, t, u = 1, 2, 3. Decomposing this into so(3) representations, one finds that
Wrs,tu = Oruδst +Osuδrt +Ortδsu +Ostδru
+pstSpru + 
p
rtSpsu + 
p
suSprt + 
p
ruSpst , (C.0.3)
where O ∈ so(3) and S ∈ m. Using this one can proceed to describe the homoge-
neous space B7. However, this decomposition does not automatically reveal the G2
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structure which is necessary in the analysis of the supersymmetric solutions. Instead,
we shall follow an adaptation [122] of the description in [112] and [132, Appendix
A.1]. For this, use the inner product
〈Wab,Wa′b′〉 = −1
2
tr(WabWa′b′) , (C.0.4)
which is so(5) invariant and the basis Wab, a < b, is orthonormal. In this basis,
the structure constants of so(5) are skew-symmetric. Then, we identify the so(3)
subalgebra of so(5) with the span of the orthonormal vectors
h1 =
1√
5
(−W12 −W34 +
√
3W35) , h2 =
1√
5
(−W13 +W24 +
√
3W25) ,
h3 =
1√
5
(−2W14 +W23) . (C.0.5)
We choose the subspace m to be orthogonal to so(3) and introduce an ortho-normal
basis in m as
m1 =
1
2
√
5
(4W12 −W34 +
√
3W35) , m2 =
1
2
√
5
(4W13 +W24 +
√
3W25) ,
m3 =
1√
5
(−W14 − 2W23) , m4 = 1
2
(
√
3W34 +W35) ,
m5 =
1
2
(
√
3W24 −W25) , m6 = W15 , m7 = W45 . (C.0.6)
Then it is straightforward to show that
[hα, hβ] =
1√
5
αβ
γhγ , [hα,mi] = kαi
jmj ,
[mi,mj] =
1√
5
ϕij
kmk + kij
αhα , (C.0.7)
where ϕ is given in (2.4.13), the indices are raised and lowered with the flat metric
and
k1 = − 3
2
√
5
m2 ∧m3 −
√
3
2
m2 ∧m6 −
√
3
2
m3 ∧m5 + 2√
5
m4 ∧m7 + 1
2
√
5
m5 ∧m6 ,
k2 =
3
2
√
5
m1 ∧m3 −
√
3
2
m1 ∧m6 −
√
3
2
m3 ∧m4 − 1
2
√
5
m4 ∧m6 + 2√
5
m5 ∧m7 ,
k3 = − 3
2
√
5
m1 ∧m2 −
√
3
2
m1 ∧m5 −
√
3
2
m2 ∧m4 + 1
2
√
5
m4 ∧m5 + 2√
5
m6 ∧m7 .
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So fij
k = 1√
5
ϕij
k, and the Jacobi identities imply that ϕ is invariant under the
representation of so(3) on m. Therefore the embedding of so(3) in so(7) defined by
(k1, k2, k3) factors through g2. This is useful in the analysis of the gravitino KSE.
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so(5) = sp(2)
In order to describe the various homogeneous spaces we are using which admit a
transitive action of a group with Lie algebra so(5) = sp(2), choose a basis in sp(2) =
so(5) as
(Ma˜b˜)c˜d˜ =
1
2
(δa˜c˜ δb˜d˜ − δa˜d˜ δb˜c˜) , (D.0.1)
where Ma˜b˜, a˜, b˜ = 1, ..., 5. The commutators are
[Ma˜b˜,Ma˜′b˜′ ] =
1
2
(δa˜b˜′Mb˜a˜′ + δb˜a˜′Ma˜b˜′ − δb˜b˜′Ma˜a˜′ − δa˜a˜′Mb˜b˜′) . (D.0.2)
In what follows, we shall give various decompositions so(5) = h ⊕ m for different
choices of a subalgebra h and summarise some of their algebraic and geometric prop-
erties that we require in this thesis.
D.1 M 6 = Sp(2)/U(2)
The subalgebra h and m are spanned as
u(2) = u(2) ≡ R 〈Tr, T7〉 = R 〈1
2
r
stMst,M45〉 , (D.1.1)
and
m = R 〈Mra〉 = R 〈Mr4,Mr5, 〉 , (D.1.2)
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respectively, where r, s, t = 1, 2, 3 and a, b, c, . . . = 4, 5. In this basis, the non-
vanishing commutators are
[Tr, Ts] = −1
2
rs
tTt , [Tr,Msa] = −1
2
rs
tMta , [T7,Mra] = −1
2
abMrb ,
[Mra,Msb] = −1
2
δabrs
tTt − 1
2
δrsabT7 . (D.1.3)
In fact, this is a symmetric coset space admitting an invariant metric
ds2 = a δrsδab`
ra`sb = δrsδabe
raesb , (D.1.4)
where a > 0 is a constant, and `ra and era =
√
a `ra are the left-invariant and
orthonormal frames, respectively. The curvature of the symmetric space in the ortho-
normal frame is
Rra sb,tc ud =
1
4a
(δrtδsu − δruδst)δabδcd + 1
4a
δrsδtuabcd , (D.1.5)
which is instrumental in the investigation of the gravitino KSE in section 3.5.1.
D.2 M 6 = Sp(2)/(Sp(1)× U(1))
Viewing the elements of Sp(2) as quaternionic 2×2 matrices, Sp(1)× U(1) ⊂ Sp(1)×
Sp(1) is embedded in Sp(2) along the diagonal. To describe this embedding choose
a basis in sp(2) = so(5) as in (D.0.1) and set
T (±)r =
1
2
εrstM st ±M r4 , ,Wa =
√
2Ma5 , (D.2.1)
where r = 1, 2, 3 and now a = 1, . . . 4. In terms of this basis, the non-vanishing
commutators of sp(2) are
[T (±)r , T
(±)
s ] = −rstT (±)t , [T (±)r ,Wa] =
1
2
(I(±)r )
b
aWb ,
[Wa,Wb] = −1
2
(
(I(+)r )abT
(+)
r + (I
(−)
r )abT
(−)
r
)
, (D.2.2)
where
(I(±)r )
4
s = ∓δrs , (I(±)r )s4 = ±δsr , (I(±)r )st = rst . (D.2.3)
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Observe that (I
(±)
r ) are bases in the spaces of (anti-)self-dual forms in R4 and that
I(±)r I
(±)
s = −δrs1− rstI(±)t . (D.2.4)
The subalgebra h and m are spanned by
h = sp(1)⊕ u(1) = R〈T (−)r , T (+)3 〉 , (D.2.5)
and
m = R〈Wa, T (+)1 , T (+)2 〉 , (D.2.6)
respectively. Introducing the left-invariant frame `AmA = `
aWa + `
rT
(+)
r , where
r = 1, 2, the left-invariant metric can be written as
ds2 = a δab`
a`b + b δrs`
r`s = δabe
aeb + δrse
res , (D.2.7)
with a, b > 0 and we have introduced the orthonormal frame ea =
√
a `a, er =
√
b `r.
The curvature of this metric in the orthonormal frame is
Rab,cd =
(
1
2a
− 3b
16a2
)
(δac δbd − δad δbc)
+
3b
16a2
(
(I
(+)
3 )ab(I
(+)
3 )cd − (I(+)3 )a[b(I(+)3 )cd]
)
,
Rar,bs =
b
16a2
δabδrs +
(
1
4a
− b
16a2
)
rs(I
(+)
3 )ab ,
Rab,rs =
(
1
2a
− b
8a2
)
rs(I
(+)
3 )ab, Rrs,tu =
1
b
rstu . (D.2.8)
We shall use these expressions in the investigation of the gravitino KSE in section
3.5.2.
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D.3 M 7 = Sp(2)/∆(Sp(1))
The decomposition of the Lie algebra sp(2) = so(5) suitable for the description of
this homogeneous space is as in (D.1.1), but now h and m are spanned by
h = R〈Tr〉 , m = R〈Mra, T7〉 , (D.3.1)
respectively, where r = 1, 2, 3 and a = 4, 5. Introducing the left-invariant frame as
`AtA = `
raMra + `
7T7, the left-invariant metric is
ds2 = δrsgab`
ra`sb + a4(`
7)2 , (D.3.2)
where (gab) is a symmetric constant positive definite 2 × 2 matrix and a4 > 0 is a
constant. The curvature of this metric in the left-invariant frame is
Rpc qd,
ra
sb =− 1
16
a−14 δ
r
pδqsg
ae((∆g)ec − a4ec)((∆g)db + a4db)
+
1
16
a−14 δ
r
qδpsg
ae((∆g)ed − a4ed)((∆g)cb + a4cb)
+
1
8
cdδpqδ
r
sg
aeeb(δ
t1t2gt1t2 − a4)−
1
4
δcdδ
a
b (δpsδ
r
q − δqsδrp) , (D.3.3)
and
R7 ar,
7
bs =
1
16
a−14 ((∆g)ad + a4ad)g
deeb(δ
t1t2gt1t2 − a4)δrs
− 1
8
a−14 a
d((∆g)db + a4db)δrs , (D.3.4)
where
(∆g)ab = a
dgdb + b
dgda , (D.3.5)
(gab) is the inverse matrix of (gab) and the indices of  are raised and lowered with
δab.
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The Ricci tensor, again in the left-invariant frame, is
Rra sb =
[a−14
16
gdc(∆g)da(∆g)cb − 1
16
gdc(∆g)cbda
+
1
16
gcdcadb(δ
t1t2gt1t2 − 2a4) +
a−14
16
(∆g)adg
dccb δ
t1t2gt1t2
− a
−1
4
8
a
d(∆g)db +
5
8
δab
]
δrs , (D.3.6)
and
R77 = −3
8
a4
det g
(δt1t2gt1t2 − a4) +
3
8
a4δabg
ab − 3
8
a
d(∆g)dbg
ab . (D.3.7)
It is straightforward to compute the Ricci tensor for (gab) diagonal.
D.4 M 7 = Sp(2)/Sp(1)
The decomposition of the Lie algebra sp(2) = so(5) suitable for the description of
this homogeneous space is as in (D.2.2), where in this case
so(3) = R〈T (−)r 〉 , m = R〈Wa, T (+)r 〉 , (D.4.1)
with r = 1, 2, 3 and a = 1, . . . , 4. Introducing the left-invariant frame as `AmA =
`aWa + `
rT
(+)
r , the most general left-invariant metric is
ds2 = aδab`
a`b + grs`
r`s , (D.4.2)
where a > 0 is a constant and (grs) is any constant 3× 3 positive definite symmetric
matrix. The non-vanishing components of the curvature tensor of this metric in the
left-invariant frame is
Rcd,
a
b =
a−1
16
[
δaeδprδqs(I(+)p )ecgrs(I
(+)
q )db − (d, c)
]
− a
−1
8
δaeδprδqs(I(+)p )ebgrs(I
(+)
q )cd +
1
2
(δac δdb − δadδcb) , (D.4.3)
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Rrs
a
b =
a−1
4
δpqgpqrs
t(I
(+)
t )
a
b − a
−2
8
pqt(I
(+)
t )
a
bgprgqs
− a
−1
2
rs
tδpq(I(+)p )
a
bgqt , (D.4.4)
Rra
s
b =
1
8
[
gsmmr
ngnpδ
pt + gsmm
tngnr
]
(I
(+)
t )ab +
1
8
r
sp(I(+)p )ab+
+
a−1
16
δabδ
smgmr +
a−1
16
smngmr(I
(+)
n )ab , (D.4.5)
and
Rrs,pq = gplRrs
l
q = rs
mpq
nXmn , (D.4.6)
where
Xmn =
1
2
δmkδnlg
kl(δq1q2δp1p2gq1p1gq2p2)
−2gmn + δmnδpqgpq − 1
4
δmkδnlg
kl(δq1q2gq1q2)
2 , (D.4.7)
and the matrix (grs) is the inverse of (grs). The Ricci tensor in the left-invariant
frame is
Rab = −a
−1
8
δpqgpqδab +
3
2
δab ,
Rrs =
1
4
a−2δmngmrgns + (δrsδpqgpq − δrpδsqgpq)δmnXmn + δrpgpmXms
+ δspg
pmXmr − δpqgpqXrs − δrsgpqXpq . (D.4.8)
It is straightforward to find the Ricci tensor for (grs) diagonal. This homogeneous
space admits two Einstein metrics one of which is the round sphere metric on S7.
This will be explored further in the investigation of the gravitino KSE in section
2.4.6.
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Coset spaces with non-semisimple transitive groups
We have already argued that if t0 is simple then the internal spaces G/H, with
LieG = t0 can be identified from the classification results of [112–116]. This is also
the case for t0 semisimple, provided that in addition one considers modifications to
the homogeneous spaces as described in section 3.2.3.
Here, we shall describe the structure of homogeneous G/H spaces for G a compact
but not semisimple Lie group. As we consider homogeneous spaces up to discrete
identifications, we shall perform the calculation in terms of Lie algebras. The Lie
algebra of G can be written as LieG = p⊕a, where p is semisimple and a is Abelian.
Suppose now that we have a G/H coset space, where H is a compact subgroup of
G. Then Lie (H) = q ⊕ b, where q is a semisimple subalgebra and b is Abelian.
Let us now focus on the inclusion i : Lie (H) → LieG. Consider the projections
p1 : LieG → p and p2 : LieG → a. Then, we have that p2 ◦ i|q = 0, as there are
no non-trivial Lie algebra homomorphisms from a semisimple Lie algebra into an
Abelian one. Thus p1 ◦ i|q is an inclusion. Furthermore, p1 ◦ i|Ker(p2◦i|b) is also an
inclusion. Therefore, q ⊕ Ker(p2 ◦ i|b) is a subalgebra of p. As p is semisimple and
for applications here dimG/H ≤ 8, there is a classification of all coset spaces P/T
with LieP = p and Lie (T ) = q⊕Ker p2 ◦ i|b.
Next, consider b1 = b/Ker (p2◦i|b). Suppose first that i(b1) is contained in both p
and a, then, up to a discrete identification, a coset space W/X with LieW = p⊕ i(b)
and LieX = q ⊕ b is a modification of P/T with an Abelian group which has Lie
algebra p2◦i(b). Furthermore the generators of a/i(b) commute with LieX and are of
course not in the image of i. As a result, G/H, up to a discrete identification, can be
written as W/X ×T k, where k = dim a/i(b), i.e. up to a discrete identification G/H
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is the product of an Abelian modification of a coset space with semisimple transitive
group and of an Abelian group. On the other hand, if i(b) is all contained in a, then
G/H up to a discrete identification is a product P/T ×Tm, where m = dim a. In the
classification of AdS3 backgrounds in chapter 3, we use the above results to describe
the geometry of the internal spaces, whenever t0 is not a semisimple Lie algebra.
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Nk,l = SU(2)× SU(3)/∆k,l(U(1)) · (1× SU(2))
The inclusion of U(1)× SU(2) in SU(2)× SU(3) is given by
(z, A)→
((zk 0
0 z−k
)
,
(
Azl 0
0 z−2l
))
.
Consequently in the notation of [8], the Lie subalgebra h of the isotropy group is
identified as
h = R〈M12, N12, N11 + 1
2
N33, 2kN˜11 − 3lN33〉 . (F.0.1)
The generators of the tangent space at the origin m of the homogeneous space must
be linearly independent from those of h and so one can choose
m = R〈M˜12, N˜12,M13,M23, N13, N23, 2kN˜11 + 3lN33〉 , (F.0.2)
where su(2) = R〈M˜rs, N˜rs〉 , r, s = 1, 2 and su(3) = R〈Mab, Nab〉 , a, b = 1, 2, 3.
A left-invariant frame on Nk,l is
` = `7Z + `5M˜12 + `
6N˜12 + `
rMr3 + ˆ`
rNr3 , (F.0.3)
where Z = 2kN˜11 + 3lN33.
The exterior differential algebra of the left-invariant frame, modulo the terms
190
Appendix F. Nk,l = SU(2)× SU(3)/∆k,l(U(1)) · (1× SU(2))
that contain the canonical connection and so lie in h ∧m, is
d`7 = − 1
4k
`5 ∧ `6 + 1
8l
δrs`
r ∧ ˆ`s ,
d`5 = 2k`7 ∧ `6 , d`6 = −2k`7 ∧ `5 ,
d`r = −3l `7 ∧ ˆ`r , dˆ`r = 3l `7 ∧ `r . (F.0.4)
Note that upon taking the exterior derivative of invariant forms the terms in the
exterior derivative of a left-invariant frame that lie in h ∧m do not contribute.
The invariant forms on Nk,l are generated by a 1-form `7 and the 2-forms
ω1 = δrs`
r ∧ ˆ`s , ω2 = `5 ∧ `6 . (F.0.5)
Observe that dω1 = dω2 = 0. On the other hand d`
7 = −(4k)−1ω2 + (8l)−1ω1. So
H2(M7,R) has one generator as expected. The invariant 3- and 4-forms are `7 ∧ ω1,
`7 ∧ ω2, and ω1 ∧ ω1, ω1 ∧ ω2, respectively. Both 4-forms are exact as they are the
exterior derivatives of invariant 3-forms. As a result H4(M7,R) = 0 as expected.
Note though that H4(M7,Z) 6= 0.
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